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EXISTENCE OF GLOBAL WEAK SOLUTIONS TO AN
INHOMOGENEOUS DOI MODEL FOR ACTIVE LIQUID
CRYSTALS
OLIVER SIEBER
Abstract. In this paper, we consider an inhomogeneous Doi model which
was introduced by W. E and P. Zhang [Meth. Appl. of Anal., 13 (2006), pp.
181–198]. We extend their model, which couples a Smoluchowski equation to a
Navier-Stokes type equation, for active particles by introducing an additional
stress tensor. Exploiting the energetic and entropic structure of the system, we
establish the existence of global-in-time weak solutions in two and three space
dimensions for both passive and active particles. In particular, our result holds
for minimal regularity assumptions on the initial data and without restrictions
on the Reynolds and Deborah number.
1. Introduction
For more than 130 years (cf. Lehmann [34]) liquid crystals inspire many scientists
in a lot of ways. Their field of applications ranges from photonics and optics (e.g.
liquid crystal displays (LCD)) over material science (cf. [49]) up to biophysics,
for example to describe the cytoskeleton (cf. [2, 31]). In the latter, there is often
an activity mechanism involved which drives the system out of equilibrium and
which will be discussed in more detail later. Liquid crystals can be considered as
a system which has mesomorphic states between an ordinary liquid and a crystal.
In particular, such systems consist of rodlike polymers which interact pairwise and
are characterized by long-range orientational order and not or only partially by
positional order. In the 1980s, Doi developed a model for rodlike molecules which
describes the properties of liquid crystal polymers in a solvent (cf. [18, Chapter 8],
[17, 16]). This model consists of a Smoluchowksi equation describing the evolution
of a pseudo probability density of particles ψ(x,m, t) with center of mass in x ∈ Ω
and orientation m ∈ Sd−1 at time t ≥ 0, where Sd−1 denotes the unit sphere and
Ω ⊂ Rd is a bounded domain for d ∈ {2, 3}. If the interaction of the rodlike
polymers is very strong or if the concentration of them is very high, the rods line
up with each other and build a nematic phase. This phase transition problem was
first described by Onsager (cf. [45, 59]). In the homogeneous case, that is in the
absence of effects of fluid dynamics, this model is often referred to as Doi-Onsager
model whereas the model is referred to as Doi-Hess model in the inhomogeneous
case. In the past, these models have been the subject of many mathematical studies
(cf. [12, 13, 14, 40, 41, 46, 61]).
However, the models for inhomogeneous flow did not take distortional elasticity
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into account (cf. [21, 60]). There have been many attempts to extend the theory
for inhomogeneous flow to include distortional elasticity on a microscopic level (cf.
[44, 55, 50, 56]). Unfortunately, these models are all phenomenological in nature
and hence, they consist of many unknown parameters which are very difficult to
determine in experiments. Moreover, they often lack in consistency with other
theories and among themselves (cf. [21]).
Then, E and Zhang (cf. [21]) extended the Doi model for homogeneous flow of
rodlike liquid crystalline polymers to inhomogeneous flow and introduced a nonlocal
intermolecular potential which results in an extra term in the form of an elastic body
force to take into account distortional elasticity.
In this paper, we consider unflexible rodlike polymers with constant length l > 0,
diameter b > 0, ratio r := bl ≪ 1 (see Figure 1), and a mean number density ν > 0
given by
ν :=
1
|Ω|
∫
Ω×Sd−1
ψ dH d−1 dx.
In particular, we restrict ourselves to solutions with a concentrated regime described
by ν > bl2 such as liquid crystals (cf. [18, Chapter 10.1]). The model of E and Zhang
x
l
b
Figure 1. Rodlike polymer with length l, diameter b, and center
of mass x.
in dimensional form (cf. [21]) coupling a Smoluchowski equation to a Navier-Stokes
type equation reads as follows for a given time T > 0:
∂tψ + divx(uψ)− 1
kBT divx
(
ψ
(
D‖m⊗m+D⊥(I−m⊗m)
)∇xµψ)
− Dr
kBT R ·
(
ψRµψ
)
= −R · (ψm × (∇xum)) in Ω× Sd−1 × (0, T ],
(1.1a)
ρ (∂tu+ (u · ∇x)u) +∇xp = −
∫
Sd−1
ψ∇xµψ dH d−1 + divx(T) in Ω× (0, T ].
(1.1b)
At this point let us refer to Section 1.1 for details about this model. As the degree of
freedoms of the microscopic equation are quite high, there have been many attempts
to derive macroscopic equations from the Doi model (a good overview over the
different models from a mathematical point of view can be found in [22, 3]). In
particular, the interest in the Ericksen-Leslie equations (cf. [23, 24, 35]), the Q-
Tensor equations (cf. [16, 43, 7]), and the mathematical analysis of these models
(cf. [36, 37, 38, 9, 4, 47, 48, 30, 1]) has been growing significantly over the last
years. Kuzuu and Doi’s (cf. [33]) formal derivation of the Ericksen-Leslie equation
from the Doi-Onsager equation in the homogeneous case has been extended to
the inhomogeneous case from systematic asymptotic analysis of (1.1) (cf. E and
Zhang [21]). Moreover, Wang et al. (cf. [57]) established a rigorous derivation
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of the Ericksen-Leslie equation from (1.1). Furthermore, Han et al. (cf. [29])
derived a new Q-Tensor model from (1.1), which obeys the energy dissipation law,
by applying the Bingham-closure (cf. [8]). Therefore, as the model (1.1) is not
just a fundamental model itself but a crucial starting point for the derivation of
many equations, which find a lot of interest these days, it is important to study it
analytically.
Chen and Liu ([11]) proved the existence of global-in-time weak solutions to (1.1)
including active stresses induced by active particles (see Section 1.1 for more details
regarding activity) in two and three space dimensions in the case that ξr = 0 (see
(1.1b)) and that the interaction potential equals zero, that is V[ψ] ≡ 0. Zhang and
Zhang (cf. [60]) considered the model (1.1), periodic domains, and high regularity
assumptions on the initial data. They proved the existence of local solutions in
two and three space dimensions (cf. [60, Theorem 1.1]). In the case of two space
dimensions, they additionally showed the existence of global-in-time weak solutions
(in the sense that 0 < T < ∞ is given) (cf. [60, Remark 1.2]). Moreover, they
established the existence of global weak solutions (in the sense that [0, T ) = [0,∞))
if the Deborah number and the Reynolds number are sufficiently small for d ∈ {2, 3}
(cf. [60, Theorem 1.2]). However, proving the existence of global-in-time weak
solutions to (1.1) (for passive or active particles in the sense that 0 < T < ∞
is given) for three space dimensions without assumptions on the Reynolds and
Deborah number was stated as an open problem by Emmrich et al. (cf. [22, p.42]).
The main contribution of this paper is the proof of the latter problem. In Main
Theorem 4.1, we establish the existence of global-in-time weak solutions to (1.1)
for both passive and active particles (in the sense that 0 < T <∞ is given) in two
and three space dimensions under minimal regularity assumptions on the initial
data. Moreover, our result holds for arbitrary values of the Reynolds and Deborah
number. To be precise, we consider the model (P), which is introduced in Section
1.1.
The outline of this paper is as follows: First, we complete Section 1 by introducing
the model (P), which is an extension of (1.1) for active particles. Then, we present
some notation, function spaces, and frequently used formula in Section 2. To get
started, we derive an entropy estimate (2.10) for the model (P) in Section 2.4 on a
formal level. As we want to make our computations rigorous, we present a discrete-
in-time scheme (PτL) (see (3.9)) in Section 3, where τ > 0 is a small time increment
and L > 0 is a cut-off parameter from above. The regularization parameter L is
used to establish the existence of discrete-in-time solutions. Nevertheless, future
bounds in energy estimates shall be independent of L.
To show the existence of a solution to (PτL) in Section 3.1, we introduce a fixed point
scheme in Definition 3.4, prove in Lemma 3.3 that the scheme is well defined, and
finally apply Schaefer’s fixed point theorem in Lemma 3.6 to complete the proof.
Having established the existence of a solution to (PτL), we devote Section 3.2 to the
derivation of an entropy estimate in Lemma 3.8 which mimics the formal estimate
(2.10). Unfortunately, the regularity results of the entropy estimate (3.70) are too
weak to pass to the limit in (PτL) as τ ց 0 and L ր ∞. Moreover, testing the
Smoluchowski equation with ψ is fraud with difficulties to gain more regularity.
However, we shall circumvent this problem by deriving an equality for the polymer
number density
ω(x, t) :=
∫
Sd−1
ψ(x,m, t) dH d−1(m) for (x, t) ∈ Ω× [0, T ]
and show regularity results for ω which turn out to be very useful to improve
the regularity of ψ afterwards. Such a method is often applied to microscopic
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macroscopic models (cf. [5, 11, 28]). The derivation of regularity results for the
macroscopic discrete-in-time polymer number density is realized in Section 3.3.
Then, we establish time regularity results for ψ and u in Section 3.4. To pass to the
limit in Section 4 as τ ց 0 and L ր ∞, we exploit our regularity results to prove
strong convergence for suitable subsequences. Instead of using common results of
Aubin-Lions or Simon (cf. [39, 53]), we apply a compactness result of Dreher and
Ju¨ngel (cf. [19]), which relies on hypothesis on time translation and avoids the
construction of linear interpolation functions in time.
1.1. Doi model for active liquid crystals. Before we extend the model for
active particles, let us describe the equations (1.1) in more detail. The velocity
field is denoted by u : Ω × [0, T ] → Rd, p : Ω × (0, T ] → R is the pressure, kB
is the Boltzmann constant, T is the absolute temperature, ν > 0 is the mean
number density of polymers, Dr =
kBT
ξr
is the rotary diffusivity, ξr > 0 is the
friction coefficient, ρ > 0 is the fluid density, H d−1 is the Hausdorff measure, and
D‖ > 0 and D⊥ > 0 are the translational diffusion coefficients parallel and normal
to the orientation of the rods. Moreover, it is always assumed that m ∈ Sd−1.
Furthermore,∇x and divx denote the gradient and divergence operator with respect
to x ∈ Ω. The rotational gradient operator R on the unit sphere is defined by
R =m×∇m, where ∇m is the gradient with respect to m ∈ Sd−1. Moreover, the
chemical potential µψ is given by
µψ := kBT F ′(ψ) + kBT V[ψ], (1.2)
where F : R≥0 ∋ s 7→ s(log(s)− 1) + 1 ∈ R≥0 is an entropy functional.
The interaction potential V[ψ] : Ω× Sd−1 × [0, T ] → R modeling the effects of
alignment is defined by
V[ψ](x,m, t) := ξJε
(∫
Sd−1
ψ(·, m˜, t)K(m, m˜) dH d−1(m˜)
)
(x) (1.3)
for (x,m, t) ∈ Ω× Sd−1 × [0, T ], where the dimensionless parameter ξ > 0 denotes
the strength of the interaction potential, Jε is an isotropic mollifier which is defined
below, and K(m, m˜) is an interaction kernel for m, m˜ ∈ Sd−1 which should have
small values for m and m˜ being aligned and large values otherwise. In the original
Onsager model (cf. [45]), the interaction kernel is given by
K(m, m˜) = |m× m˜| for m, m˜ ∈ Sd−1.
Another common choice is the Maier-Saupe kernel (cf. [42])
K(m, m˜) := |m× m˜|2 = 1− (m · m˜)2 for m, m˜ ∈ Sd−1, (1.4)
which has also been used by E and Zhang (cf. [21]). In this paper, we restrict our-
selves to the Maier-Saupe interaction kernel (1.4). Moreover, the isotropic mollifier
Jε : L1(Ω)→W1,∞(Ω) in (1.3) is defined by
Jε (f) (x) :=
∫
Ω
ζε(x− y)f(y) dy for f ∈ L1(Ω), (1.5)
where ζε(x) := ε
−dζ(ε−1x) for x ∈ Ω and ε > 0. Hereby, the nonnegative, ro-
tationally symmetric, and compactly supported function ζ ∈ C∞0 (Rd) is given by
ζ(x) := c exp(− 1
1−|x|2
) if |x| < 1 and ζ(x) = 0 otherwise. In particular, the con-
stant c > 0 is chosen such that
∫
Rd
ζ(x) dx = 1. Therefore, on noting a property
of the mollifier (see (2.1b)), we have that µψ is the first variation of the energy
functional
E(ψ)(t) := kBT
∫
Ω×Sd−1
F(ψ)(x,m, t) dH d−1(m) dx
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+
kBT
2
∫
Ω×Sd−1
ψ(x,m, t)V[ψ](x,m, t) dH d−1(m) dx
for t ∈ [0, T ].
Now, let us describe the physical interpretation of the terms in (1.1) in more detail.
The term on the right-hand side of (1.1a) describes the rotation of particles induced
by the macroscopic velocity gradient ∇xu (note (1.7) for the rewritten form of this
term). As illustrated in Figure 2, a rod m ∈ Sd−1 is rotated by the gradient of a
macroscopic flow ∇xu. However, as the rod cannot elongate and has to maintain
its constant length, the rotated rod ∇xum is projected onto the tangential space
of the unit sphere. The stress tensor on the right-hand side of (1.1b)
m
(I−m⊗
m)∇xu
m
∇xum
Figure 2. A rod m is rotated by a macroscopic velocity gradient ∇xu.
T := Tvisc, s + Tvisc, p + Telast
is composed of viscous stresses Tvisc := Tvisc, s + Tvisc, p and elastic stresses Telast.
Hereby,
Tvisc, s := ηs
(∇xu+ (∇xu)T )
models the viscous stresses coming from the solvent, where ηs > 0 denotes the
solvent viscosity. The viscous stresses Tvisc, p are due to the friction caused by
the motion of rodlike polymers. They are related to the hydrodynamic energy
dissipation W (cf. [18, (8.117)]) by
W =
∫ T
0
∫
Ω
∇xu : Tvisc, p dxdt. (1.6)
On noting Figure 2, the velocity of a rod relative to the fluid can be computed by
urod, fluid = (I−m⊗m)∇xum−∇xum = −(m⊗m)∇xum.
Moreover, the frictional force exerted on a rod is given by
frod, frict =
ξr
2
urod, fluid,
where ξr > 0 is the friction constant. Therefore, the work done by the frictional
force is calculated as
W =
∫ T
0
∫
Ω
∫
Sd−1
ψfrod, frict · urod, fluid dH d−1 dxdt
=
ξr
2
∫ T
0
∫
Ω
∫
Sd−1
ψ (∇xu : m⊗m)2 dH d−1(m) dxdt.
Hence, on noting (1.6), we have that
Tvisc, p =
ξr
2
∫
Sd−1
ψ(∇xu :m⊗m)m⊗m dH d−1(m).
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The body force term (the first term on the right-hand side of (1.1b)) and the elastic
stress tensor Telast are related to the change in energy of E(ψ). In particular, they
are inevitable for thermodynamic consistency and they have been derived by a
virtual work principle (cf. [18, Chapter 8.6], [21, p. 185f]) resulting in an elastic
stress tensor given by
Telast := −
∫
Sd−1
ψ
(
m×Rµψ
)⊗m dH d−1(m).
In our opinion, it is more convenient to work with the surface gradient operator ∇g
and the surface divergence operator divg on S
d−1 instead ofR. NotingR =m×∇m
and ∇g = (I−m⊗m)∇m, we see that (1.1a) can equivalently be written as
∂tψ + divx(uψ)− 1
kBT divx
(
ψ
(
D‖m⊗m+D⊥(I−m⊗m)
)∇xµψ)
− Dr
kBT divg
(
ψ∇gµψ
)
= − divg (ψ(I−m⊗m)∇xum) in Ω× Sd−1 × (0, T ]
(1.7)
and that the elastic stress tensor can be rewritten as
Telast = −
∫
Sd−1
ψ(m×Rµψ)⊗m dH d−1(m)
=
∫
Sd−1
ψ
[
(I−m⊗m)∇gµψ
]⊗m dH d−1(m). (1.8)
Now, let us come back to active liquid crystals which are systems that are far from
equilibrium (cf. [27]). The range of active nematic systems includes cytoskeletal
filaments (cf. [31]), bacteria (cf. [15]), dense suspensions of microswimmers (cf.
[20]), and microtubule bundles (cf. [52]). Instead of modeling passive particles,
we now consider active rodlike polymers which induce active stresses described by
an additional stress tensor Tact. Following the lines in [26], we model this stress
tensor: We assume that each rod induces a symmetric surface flow (see Figure 3,
Figure 1)
uact(s) := sgn(s)uactm, − l
2
≤ s ≤ l
2
,
where uact is the signed surface flow speed, m is the unit orientation vector of the
rod, and sgn(·) is the sign function. Hereby, a rod produces an extensional straining
x− l2 x x+ l2
−uactm uactm
m
Figure 3. Symmetric surface flow induces by an active rod.
flow along itself for uact > 0 and a compressive one otherwise. Moreover, let us
describe the position of a rod by its centerline X(s) := x+ sm, − l2 ≤ s ≤ l2 , where
x denotes the center of mass of a rod (see Figure 1). Then, the active stress caused
by a single rod can be computed as follows on assuming that x = 0 (cf. [26, 51]):
Tact, rod = − 4πη|log(er2)|
∫ l
2
− l2
uact(s)⊗X(s) ds
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= − πηuactl
2
|log(er2)|m⊗m,
where η := ηs + ηp > 0 is the total viscosity, ηp := νξr is the polymer viscosity,
e := exp(1), and r = bl (see Figure 1). Hence, the active stress tensor due to the
activity of the rodlike polymers is given by
Tact = − πηuactl
2
|log(er2)|
∫
Sd−1
ψ
(
m⊗m− 1
d
I
)
dH d−1(m), (1.9)
where the subtraction (1.9) modifies solely the pressure and has no influence on the
flow. In particular, the modification in (1.9) is equivalent to subtracting the trace
of the tensor to make it traceless.
It will turn out, note for example the formal energy estimate (2.10), that the ad-
ditional active stresses may be seen as an internal source of energy as the thermo-
dynamic equilibrium does not hold any longer in the sense that the total energy
at a time t2 > t1 equals the total energy at time t1 when there is no work done
by external forces. This can be explained by the ability of active liquid crystals to
convert energy from the local environment to mechanical work (cf. [27]).
Next, to derive the model in nondimensionalised form, we follow the lines in [21]:
Let L0 > 0 be a typical size of the flow region, V0 > 0 the typical velocity scale,
and T0 :=
L0
V0
a typical convective time scale. Moreover, we scale the pseudo prob-
ability density ψ by 1ν , where ν > 0 is the mean number density. We introduce the
Deborah number, which is defined by the ratio of the orientational diffusion time
scale of the rods and the convective time scale of the fluid, given by
De :=
ξr
kBT
L0
V0
=
ξrV0
kBT L0 .
Moreover, we note that ηp = νξr , η = ηs + ηp > 0 and set γ :=
ηs
η ∈ (0, 1). Then,
the Reynolds number is defined by
Re :=
ρV0L0
η
.
Furthermore, we set ε := lL0 > 0, where l > 0 denotes the length of rods (see Figure
1). We define the dimensionless translational diffusion parameters by
Dˆ‖ :=
ξr
l2kBT D‖ and Dˆ⊥ :=
ξr
l2kBT D⊥.
It usually holds that Dˆ‖ > Dˆ⊥ > 0 ([18, p. 296f]) and in most of the cases one has
that Dˆ‖ = 2Dˆ⊥ ([18, p. 296f]). From an analytical point of view, it is important
that the tensor
Dˆ‖m⊗m+ Dˆ⊥(I−m⊗m) = Dˆ⊥I+ (Dˆ‖ − Dˆ⊥)m⊗m
is symmetric and positive definite, which is true if Dˆ‖ ≥ Dˆ⊥ > 0. Hence, we set
Dˆ‖ = Dˆ⊥ = 1 for ease of notation in this paper. On noting (1.9), we introduce the
dimensionless activity parameter
α := − πηl
2uact
|log(er2)| kBT .
Thus, the active model in nondimensionalised form (without relabelling ψ, u, p, x,
and t for ease of notation) reads as follows:
Given T > 0, find u : Ω× [0, T ] ∋ (x, t) 7→ u(x, t) ∈ Rd,
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p : Ω× (0, T ] ∋ (x, t) 7→ p(x, t) ∈ R,
and ψ : Ω× Sd−1 × [0, T ] ∋ (x,m, t) 7→ ψ(x,m, t) ∈ R such that
∂tu+ (u · ∇x)u+∇xp = − 1− γ
ReDe
∫
Sd−1
ψ∇xµψ dH d−1 (1.10a)
+ divx(T) in Ω× (0, T ],
divx(u) = 0 in Ω× (0, T ], (1.10b)
u = 0 on ∂Ω× (0, T ], (1.10c)
u(x, 0) = u0(x) ∀x ∈ Ω (1.10d)
and
∂tψ + u · ∇xψ − ε
2
De
divx(ψ∇xµψ)− 1
De
divg (ψ∇gµψ)
= − divg ((I−m⊗m)∇xumψ) in Ω× Sd−1 × (0, T ], (1.11a)
µψ := F ′(ψ) + V[ψ] in Ω× Sd−1 × (0, T ], (1.11b)
ψ∇xµψ · nx = 0 on ∂Ω× Sd−1 × (0, T ], (1.11c)
ψ(x,m, 0) = ψ0(x,m) ∀(x,m) ∈ Ω× Sd−1, (1.11d)
where nx : ∂Ω → Rd denotes the outward normal to ∂Ω and the stress tensor in
the Navier-Stokes type equation is given by
T := Tvisc, s + Tvisc, p + Telast + Tact
with
Tvisc, s :=
γ
Re
(∇xu+ (∇xu)T ) ,
Tvisc, p :=
1− γ
2Re
∫
Sd−1
ψ(∇xu :m⊗m)m⊗m dH d−1(m),
Telast :=
1− γ
ReDe
∫
Sd−1
ψ [(I−m⊗m)∇gµψ]⊗m dH d−1(m),
Tact :=
α(1− γ)
ReDe
∫
Sd−1
ψ
(
m⊗m− 1
d
I
)
dH d−1(m).
The initial data u0 and ψ0 will be specified later.
Definition 1.1. The coupled problem (1.10) - (1.11) will be referred to as model
(P) throughout this paper. We call this model passive if α = 0 and active if α 6= 0.
Remark 1.2. As α has the opposite sign of uact, contractile stress is modeled by
α > 0 and extensile stress by α < 0.
2. Preliminaries
2.1. Notation. We denote the real numbers by R, the natural numbers by N :=
{1, 2, . . .} and set N0 := N∪{0}. In particular, we define R≥0 := [0,∞) and R>0 :=
(0,∞). Moreover, we introduce the following scalar products: For v,w ∈ Rd and
A,B ∈ Rd×d, we define v ·w :=∑di=1 viwi and A : B :=∑di,j=1 AijBij . The trace
of a tensor A ∈ Rd×d is given by tr (A) := ∑di=1Aii. The notation |·| is used as
follows: For a real number a ∈ R, we set |a| to the absolute value of a, whereas
|v| := (v · v)1/2 and |A| := (A : A)1/2 for v ∈ Rd and A ∈ Rd×d. Moreover, we
set |U | to the d-dimensional Lebesgue measure of a measurable set U ⊂ Rd. For
v,w ∈ Rd, we define v ⊗w := (viwj)1≤i,j≤d. We introduce the positive part [a]+
and the negative part [a]− of a real number a ∈ R by [a]± := 12 (a±|a|). For ease of
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notation, we write dH instead of dH d−1 in integrals for the Hausdorff measure.
The isotropic mollifier Jε : L1(Ω) → W1,∞(Ω) (cf. (1.5)) is naturally extended to
the tensor valued mollifier Jε : L
1(Ω)→W1,∞(Ω). The velocity gradient is defined
by (∇xu)1≤i,j≤d = (∂xjui) for a differentiable function u : Ω→ Rd. Moreover, we
introduce the divergence of a differentiable function A : Ω→ Rd×d by
divx(A) :=
 d∑
j=1
∂xjAij
d
i=1
.
2.2. Function spaces. We use the standard notation for Lebesgue and Sobolev
spaces and define Lp(Ω) := Lp(Ω;Rd), Wk,p(Ω) := Wk,p(Ω;Rd), Hk(Ω) := Wk,2(
Ω), Lp(Ω) := Lp(Ω;Rd×d), Wk,p(Ω) := Wk,p(Ω; Rd×d), and Hk(Ω) := Wk,2(Ω) for
1 ≤ p ≤ ∞ and k ∈ N. Moreover, we introduce the spaces
H10,div(Ω) :=
{
w ∈ H10(Ω) : divx(w) = 0
}
,
L2div(Ω) :=
{
w ∈ L2(Ω) :
∫
Ω
w · ∇xϕdx = 0 ∀ϕ ∈ H1(Ω)
}
,
V := {w ∈ C∞0 (Ω) : divx(w) = 0} ,
Vk := V
‖·‖
H10(Ω)∩H
k(Ω) , k ∈ N.
We note that it holds that V1 = H10,div(Ω) (cf. Temam [54, Chapter 1, Theorem
1.6]). An introduction to Sobolev spaces Wk,p(Sd−1) on the sphere can be found
in [32]. Furthermore, we define the dual spaces of Wk,p(Ω × Sd−1) and Vk by
(Wk,p(Ω× Sd−1))′ and (Vk)′, respectively. It will turn out useful to introduce the
space
Zp :=
{
θ ∈ Lp(Ω× Sd−1) : θ ≥ 0 a.e. in Ω× Sd−1} ∀1 ≤ p <∞.
2.3. Frequently used formula. Let us note some results which will be often
referred to in future discussions.
Lemma 2.1. Let the isotropic mollifier Jε : L1(Ω)→W1,∞(Ω) be defined by (1.5).
Then, it holds that
‖Jε (f)‖L2(Ω) ≤ ‖f‖L2(Ω) ∀f ∈ L2(Ω), (2.1a)∫
Ω
Jε (f) g dx =
∫
Ω
fJε (g) dx ∀f, g ∈ L2(Ω), (2.1b)
‖Jε (f)‖W1,∞(Ω) ≤ Cε ‖f‖L1(Ω) ∀f ∈ L1(Ω). (2.1c)
Moreover, similar results hold for the tensor valued mollifier Jε.
Furthermore, we will exploit the following formula on the unit sphere (cf. [11,
Lemma 2.1, Lemma 1.1]):
Lemma 2.2. Let v ∈ H1(Sd−1) and f, g ∈ H1(Sd−1). Then, it holds that∫
Sd−1
divg(v)f dH = −
∫
Sd−1
v · ∇gf dH + (d− 1)
∫
Sd−1
(v ·m)f dH (m),
(2.2a)∫
Sd−1
(∆gf)g dH = −
∫
Sd−1
∇gf · ∇gg dH . (2.2b)
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Lemma 2.3. Let f ∈W1,1(Sd−1) and A ∈ Rd×d be a constant matrix with tr (A) =
0. Then, it holds that∫
Sd−1
((I−m⊗m)Am) · ∇gf dH (m) =
∫
Sd−1
f(dm⊗m− I) : A dH (m). (2.3)
Moreover, the following lemma is frequently used, which follows directly from ∇g =
(I−m⊗m)∇m, (m · m˜)2 = (m⊗m) : (m˜ ⊗ m˜) for m, m˜ ∈ Sd−1, and (1.3).
Lemma 2.4. It holds that
∇gV[θ](x,m) = −2ξ(I−m ⊗m)Jε
(∫
Sd−1
θ(·, m˜)m˜⊗ m˜ dH (m˜)
)
(x)m (2.4)
for all θ ∈ L1(Ω× Sd−1) for (x,m) ∈ Ω× Sd−1.
2.4. Formal entropy estimate. Now, let us derive an entropy estimate on a
formal level which exploits the energetic and entropic structure of the model (P).
First, assuming that ψ > 0, multiplying (1.11a) by µψ, integrating over Ω× Sd−1,
integrating by parts in Ω and on Sd−1 (see (2.2a) and (2.2b)), and noting (1.10b)-
(1.10c), (1.11c), and (2.1b), we have that
d
dt
∫
Ω×Sd−1
[
F(ψ) + 1
2
ψV[ψ]
]
dH dx
+
ε2
De
∫
Ω×Sd−1
ψ |∇xµψ|2 dH dx+ 1
De
∫
Ω×Sd−1
ψ |∇gµψ|2 dH dx
= −
∫
Ω×Sd−1
u · ∇xψV[ψ] dH dx
+
∫
Ω×Sd−1
ψ ((I−m⊗m)∇xum) · ∇gµψ dH (m) dx.
(2.5)
Next, multiplying (1.10a) by u, integrating over Ω, noting (1.10b) and (1.10c) and
some integration by parts yield
1
2
d
dt
∫
Ω
|u|2 dx+ γ
Re
∫
Ω
|∇xu|2 dx
+
1− γ
2Re
∫
Ω×Sd−1
ψ (∇xu : m⊗m)2 dH (m) dx
= − 1− γ
ReDe
∫
Ω×Sd−1
ψ ((I−m⊗m)∇xum) · ∇gµψ dH (m) dx
+
1− γ
ReDe
∫
Ω×Sd−1
u · ∇xψV[ψ] dH dx (2.6)
− α(1 − γ)
ReDe
∫
Ω×Sd−1
ψ∇xu :m⊗m dH (m) dx,
where we used that∫
Ω×Sd−1
ψ∇xu : ([(I−m⊗m)∇gµψ]⊗m) dH (m) dx
=
∫
Ω×Sd−1
ψ ((I−m⊗m)∇xum) · ∇gµψ dH (m) dx.
(2.7)
Now, we infer from multiplying (2.5) by 1−γReDe , combining (2.5) - (2.6), and applying
Young’s inequality that
1
2
d
dt
∫
Ω
|u|2 dx+ γ
Re
∫
Ω
|∇xu|2 dx
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+
1− γ
2Re
∫
Ω×Sd−1
ψ (∇xu :m⊗m)2 dH (m) dx
+
1− γ
ReDe
d
dt
∫
Ω×Sd−1
[
F(ψ) + 1
2
ψV[ψ]
]
dH dx
+
1− γ
ReDe
(
ε2
De
∫
Ω×Sd−1
ψ |∇xµψ|2 dH dx+ 1
De
∫
Ω×Sd−1
ψ |∇gµψ|2 dH dx
)
= −α(1− γ)
ReDe
∫
Ω×Sd−1
ψ∇xu :m⊗m dH (m) dx (2.8)
≤ 1− γ
4Re
∫
Ω×Sd−1
ψ (∇xu :m ⊗m)2 dH (m) dx+ α
2(1− γ)
ReDe2
∫
Ω×Sd−1
ψ dH dx.
Furthermore, to deal with the last term in (2.8), we obtain from (1.10b)-(1.10c),
(1.11c), (2.2a), and integrating (1.11a) over Ω× Sd−1 that∫
Ω×Sd−1
ψ(x,m, t) dH (m) dx =
∫
Ω×Sd−1
ψ0(x,m) dH (m) dx (2.9)
for t ∈ (0, T ]. Therefore, we conclude from (2.8) and (2.9) that
d
dt
[
1
2
∫
Ω
|u|2 dx+ 1− γ
ReDe
∫
Ω×Sd−1
[
F(ψ) + 1
2
ψV[ψ]
]
dH dx
]
+
γ
Re
∫
Ω
|∇xu|2 dx+ 1− γ
4Re
∫
Ω×Sd−1
ψ (∇xu : m⊗m)2 dH (m) dx
+
1− γ
ReDe
(
ε2
De
∫
Ω×Sd−1
ψ |∇xµψ|2 dH dx+ 1
De
∫
Ω×Sd−1
ψ |∇gµψ|2 dH dx
)
≤ α
2(1− γ)
ReDe2
∫
Ω×Sd−1
ψ0 dH dx. (2.10)
We note that there is no need for an absorption argument in (2.8) in the passive
case as the right-hand sides vanishes for α = 0.
3. Discrete-in-time approximations
To make the formal computations in Section 2.4 rigorous, we introduce the following
regularization functions: For any L > 1, we define
FL(s) :=
{
F(s) ≡ s(log(s)− 1) + 1 for 0 ≤ s ≤ L,
s2−L2
2L + s(log(L)− 1) + 1 for L ≤ s,
(3.1a)
QL(s) :=
{
s for s ≤ L,
L for L ≤ s, (3.1b)
QL0 (s) := max{0, QL(s)} for s ∈ R. (3.1c)
Furthermore, we note that the regularization functions satisfy the following prop-
erties (cf. Chen and Liu [11] and Barrett and Su¨li [5, 6]):
QL ∈ C0,1(R), FL ∈ C2,1(R>0) ∩C(R≥0), (3.2a)
FL is convex on [0,∞), (3.2b)
FL(s) ≥ F(s) ∀s ≥ 0, (3.2c)
FL (QL(s) + δ) ≤ δ + δ2
2
+ F(s+ δ) ∀δ ∈ (0, 1), ∀s ≥ 0, (3.2d)
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(FL)′′ (s) = (QL(s))−1 ≥ 1
s
∀s > 0, (3.2e)
F ′′(s+ δ) ≤ 1
δ
∀δ ∈ (0, 1), ∀s ≥ 0, (3.2f)
FL(s) ≥ s
2
4L
− C(L) ∀s ≥ 0, (3.2g)∣∣QL0 (s)∣∣ ≤ ∣∣QL(s)∣∣ ≤ |s| ∀s ∈ R. (3.2h)
Assumptions on the initial data and the domain. We assume the domain
and the initial data to satisfy
Ω ⊂ Rd is an open bounded Lipschitz domain, d ∈ {2, 3}, (3.3a)
ψ0 ∈ L2(Ω; L1(Sd−1)), ψ0 ≥ 0 a.e. in Ω× Sd−1
with F(ψ0) ∈ L1(Ω× Sd−1),
(3.3b)
u0 ∈ L2div(Ω). (3.3c)
Let a time T > 0 and a number of time steps N ∈ N be given. Then, we define
a time increment τ > 0 by τ := TN and tn := nτ for n ∈ {0, . . . , N}. Moreover,
we define the initial velocity u0L ∈ H10,div(Ω) for our discrete-in-time scheme as the
weak solution of∫
Ω
[
u0L ·w+ L−1∇xu0L : ∇xw
]
dx =
∫
Ω
u0 ·w dx ∀w ∈ H10,div(Ω). (3.4)
We deduce from (3.4) that∫
Ω
[∣∣u0L∣∣2 + L−1 ∣∣∇xu0L∣∣2] dx ≤ ∫
Ω
|u0|2 dx ≤ C <∞, (3.5)
where C > 0 is independent of τ and L. Furthermore, we set
ψ0L := Q
L(ψ0) ∈ Z2. (3.6)
In particular, we infer from (3.3b), (3.6), and (3.2h) that∫
Ω×Sd−1
ψ0L dH dx ≤
∫
Ω×Sd−1
ψ0 dH dx ≤ C <∞, (3.7)
where C > 0 is independent of τ and L. Moreover, we obtain from the definition
of the interaction potential (1.3), the nonnegativity of the Maier-Saupe interaction
kernel (1.4), (3.3b), (3.6), (3.2h), (2.1a), and Ho¨lder’s inequality that∫
Ω×Sd−1
ψ0LV[ψ
0
L] dH dx
≤ C(ξ, d)
∫
Ω
(∫
Sd−1
ψ0(x,m) dH (m)
)2
dx ≤ C <∞, (3.8)
where C > 0 is independent of τ and L.
Our discrete-in-time problem (PτL) reads as follows:
(PτL) Let u0L ∈ H10,div(Ω) and ψ0L ∈ Z2 be given by (3.4) and (3.6), respectively.
Then, for n ∈ {1, . . . , N}, given (un−1L , ψn−1L ) ∈ H10,div(Ω) × Z2, find (unL, ψnL) ∈
H10,div(Ω) × (H1(Ω× Sd−1) ∩ Z2) such that, for all w ∈ H10,div(Ω) and θ ∈ H1(Ω×
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Sd−1),
ReDe
∫
Ω
unL − un−1L
τ
·w dx+ReDe
∫
Ω
(
(un−1L · ∇x)unL
) ·w dx
+ γDe
∫
Ω
∇xunL : ∇xw dx
+
(1− γ)De
2
∫
Ω×Sd−1
QL0 (ψ
n
L)(∇xunL :m⊗m)(∇xw :m⊗m) dH (m) dx
= −(1− γ)
∫
Ω×Sd−1
ψnL∇xVnL ·w dH dx
− (1− γ)
∫
Ω×Sd−1
QL0 (ψ
n
L) ((I−m⊗m)∇xwm) · ∇gVnL dH (m) dx
− (1− γ)
∫
Ω×Sd−1
ψnL(dm⊗m− I) : ∇xw dH (m) dx
− α(1 − γ)
∫
Ω×Sd−1
QL0 (ψ
n
L)m ⊗m : ∇xw dH (m) dx,
(3.9a)∫
Ω×Sd−1
ψnL − ψn−1L
τ
θ dH dx−
∫
Ω×Sd−1
ψnLu
n
L · ∇xθ dH dx
+
1
De
∫
Ω×Sd−1
[
ε2∇xψnL · ∇xθ +∇gψnL · ∇gθ
]
dH dx
+
1
De
∫
Ω×Sd−1
[
ε2QL0 (ψ
n
L)∇xVnL · ∇xθ +QL0 (ψnL)∇gVnL · ∇gθ
]
dH dx
−
∫
Ω×Sd−1
QL0 (ψ
n
L) ((I−m⊗m)∇xunLm) · ∇gθ dH (m) dx = 0.
(3.9b)
Remark 3.1. i) On noting (2.7) and (2.3), the elastic stress tensor in the
Navier-Stokes equation can be rewritten as∫
Ω×Sd−1
divx (ψ [(I−m⊗m)∇gµψ ]⊗m) ·w dH (m) dx
= −
∫
Ω×Sd−1
ψ ((I−m⊗m)∇xwm) · ∇gµψ dH (m) dx
= −
∫
Ω×Sd−1
ψ(dm⊗m− I) : ∇xw dH (m) dx (3.10)
−
∫
Ω×Sd−1
ψ ((I−m⊗m)∇xwm) · ∇gV[ψ] dH (m) dx
for all w ∈ H10,div(Ω).
ii) For reasons of readability, we use the abbreviation
VnL :=
1
2
V
[
ψnL + ψ
n−1
L
]
for n ∈ {1, . . . , N}. (3.11)
3.1. Existence of solutions to (Pτ
L
). In this section, our goal is to prove the
existence of a solution (unL, ψ
n
L) ∈ H10,div(Ω) × (H1(Ω× Sd−1) ∩ Z2) to (PτL) by
applying Schaefer’s fixed point theorem (cf. Evans [25]). First of all, we prove a
lemma which will be used very frequently.
Lemma 3.2. Let θ ∈ L1(Ω× Sd−1). Then, it holds that
‖V[θ]‖W1,∞(Ω×Sd−1) ≤ C(Cε, ξ, d) ‖θ‖L1(Ω×Sd−1) , (3.12)
where Cε > 0 is the constant in (2.1c).
GLOBAL WEAK SOLUTIONS TO AN INHOMOGENEOUS DOI MODEL 14
Proof. On noting the definition of the interaction potential (1.3) and (m · m˜)2 =
m⊗m : m˜⊗ m˜ for m, m˜ ∈ Sd−1, we have that
V[θ](x,m) = ξ
∫
Sd−1
Jε (θ(·, m˜)) (x)
(
1− (m · m˜)2) dH (m˜)
= ξJε
(∫
Sd−1
θ(·, m˜) dH (m˜)
)
(x)
− ξJε
(∫
Sd−1
θ(·, m˜)m˜⊗ m˜dH (m˜)
)
(x) : (m⊗m)
for (x,m) ∈ Ω× Sd−1. Hence, we infer from (2.1c) that
‖V[θ]‖L∞(Ω×Sd−1) + ‖∇xV[θ]‖L∞(Ω×Sd−1)
≤ C(Cε, ξ) ‖θ‖L1(Ω×Sd−1) + C(Cε, ξ, d)
∫
Ω×Sd−1
|θ(x, m˜)| |m˜⊗ m˜| dH (m˜) dx
≤ C(Cε, ξ, d) ‖θ‖L1(Ω×Sd−1) .
Furthermore, we infer from (2.1c) and (2.4) that
‖∇gV[θ]‖L∞(Ω×Sd−1) ≤ C(d)ξ ess sup
x∈Ω
∣∣∣∣Jε(∫
Sd−1
θ(·, m˜)m˜⊗ m˜ dH (m˜)
)
(x)
∣∣∣∣
≤ C(Cε, ξ, d) ‖θ‖L1(Ω×Sd−1) .

Fixed point iteration. To introduce our fixed point scheme, we rewrite (3.9a) as
a(ψnL)(u
n
L,w) = k(ψ
n
L)(w) ∀w ∈ H10,div(Ω), (3.13)
where
a(ψ)(u,w)
:= ReDe
∫
Ω
u ·w dx+ τReDe
∫
Ω
(
(un−1L · ∇x)u
) ·w dx
+ τγDe
∫
Ω
∇xu : ∇xw dx
+ τ
(1− γ)De
2
∫
Ω×Sd−1
QL0 (ψ)(∇xu :m⊗m)(∇xw :m⊗m) dH (m) dx
(3.14)
and
k(ψ)(w)
:= ReDe
∫
Ω
un−1L ·w dx− τ
1− γ
2
∫
Ω×Sd−1
ψ∇xV
[
ψ + ψn−1L
] ·w dH dx
− τ 1− γ
2
∫
Ω×Sd−1
QL0 (ψ) ((I−m⊗m)∇xwm) · ∇gV
[
ψ + ψn−1L
]
dH (m) dx
− τ(1 − γ)
∫
Ω×Sd−1
ψ(dm ⊗m− I) : ∇xw dH (m) dx
− τα(1 − γ)
∫
Ω×Sd−1
QL0 (ψ)m⊗m : ∇xw dH (m) dx
(3.15)
for all u,w ∈ H10,div(Ω) and for all ψ ∈ L2(Ω× Sd−1). Moreover, we rewrite (3.9b)
as
b(unL)(ψ
n
L , θ) = l(u
n
L, ψ
n
L)(θ) ∀θ ∈ H1(Ω× Sd−1), (3.16)
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where
b(u)(ψ, θ) :=
∫
Ω×Sd−1
ψθ dH dx− τ
∫
Ω×Sd−1
ψu · ∇xθ dH dx
+
τ
De
∫
Ω×Sd−1
[
ε2∇xψ · ∇xθ +∇gψ · ∇gθ
]
dH dx
(3.17)
and
l(u, ψ)(θ) :=
∫
Ω×Sd−1
ψn−1L θ dH dx
− τ
2De
∫
Ω×Sd−1
ε2QL0 (ψ)∇xV
[
ψ + ψn−1L
] · ∇xθ dH dx
− τ
2De
∫
Ω×Sd−1
QL0 (ψ)∇gV
[
ψ + ψn−1L
] · ∇gθ dH dx
+ τ
∫
Ω×Sd−1
QL0 (ψ) ((I−m⊗m)∇xum) · ∇gθ dH (m) dx
(3.18)
for all ψ, θ ∈ H1(Ω× Sd−1) and for all ψ ∈ L2(Ω× Sd−1), u ∈ H10,div(Ω).
Lemma 3.3. Suppose that the assumptions (3.3) hold and let ψ ∈ L2(Ω× Sd−1).
i) There exists a unique u ∈ H10,div(Ω) such that
a(ψ)(u,w) = k(ψ)(w) ∀w ∈ H10,div(Ω). (3.19)
ii) Now, let u ∈ H10,div(Ω) be the unique solution to (3.19). Then, there exists
a unique ψ ∈ H1(Ω× Sd−1) such that
b(u)(ψ, θ) = l(u, ψ)(θ) ∀θ ∈ H1(Ω× Sd−1). (3.20)
iii) Moreover, solutions to (3.19) and (3.20) satisfy
De min{Re, τγ} ‖u‖H1(Ω)
≤ C
(
1 + τL + τL
∥∥ψ∥∥
L2(Ω×Sd−1)
+ τ
∥∥ψ∥∥2
L2(Ω×Sd−1)
)
,
(3.21)
where C = C(Re,De,un−1
L
,Cε, ξ, d, γ, α, ψ
n−1
L
) > 0 and
min
{
1,
τ
De
,
τε2
De
}
‖ψ‖2H1(Ω×Sd−1)
≤ C
(
1 + τL+ τL
∥∥ψ∥∥
L1(Ω×Sd−1)
+ τL ‖∇xu‖L2(Ω)
)
,
(3.22)
where C = C(ψn−1
L
,Cε, ξ, d, ε,De
−1) > 0.
Definition 3.4 (Fixed point iteration). We define the operator Ξ : L2(Ω× Sd−1)→
L2(Ω× Sd−1) as follows: For given ψ ∈ L2(Ω× Sd−1), we introduce Ξ[ψ] ∈ H1(Ω×
Sd−1) as the solution of the variational problem (3.20), where u ∈ H10,div(Ω) is the
solution of the variational problem (3.19).
Remark 3.5. We infer from Lemma 3.3 that the operator Ξ defined in Definition
3.4 is well defined. Clearly, if ψ ∈ H1(Ω× Sd−1) is a fixed point of Ξ, then the
tuple (un
L
, ψn
L
) := (u, ψ) is a solution to (3.9). Hence, proving the existence of a
fixed point of Ξ is equivalent to proving the existence of a solution to (3.9).
Proof of Lemma 3.3. Let ψ ∈ L2(Ω× Sd−1).
Proof of i). For all u ∈ H10,div(Ω), on noting∫
Ω
(
(un−1L · ∇x)u
) · u dx = 0,
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we have that
a(ψ)(u,u) ≥ De min{Re, τγ} ‖u‖2H1(Ω) . (3.23)
Moreover, we infer from H1(Ω) →֒ L6(Ω) that, for all u,w ∈ H10,div(Ω),∣∣a(ψ)(u,w)∣∣ ≤ C (τ,Re,De, γ, d,un−1L ,L) ‖u‖H1(Ω) ‖w‖H1(Ω) . (3.24)
Furthermore, we obtain from (3.2h) and (3.12) that∣∣k(ψ)(w)∣∣ ≤ C (1 + τL + τ ∥∥ψ∥∥2
L2(Ω×Sd−1)
+ τL
∥∥ψ∥∥
L2(Ω×Sd−1)
)
‖w‖H1(Ω) , (3.25)
where C = C
(
Re,De,un−1L ,Cε, ξ, d, γ, α, ψ
n−1
L
)
> 0 and Cε > 0 is the constant
in (2.1c). We conclude from (3.23)-(3.24) that a(ψ)(·, ·) is a bounded, coercive
bilinear form on H10,div(Ω)×H10,div(Ω) and from (3.25) that k(ψ)(·) ∈ (H10,div(Ω))′.
Hence, we obtain from Lax-Milgram’s theorem the existence of a unique solution
u ∈ H10,div(Ω) to (3.19).
Proof of ii). Let u ∈ H10,div(Ω) be the unique solution to (3.19). For all ψ ∈
H1(Ω× Sd−1), on noting∫
Ω×Sd−1
ψu · ∇xψ dH dx =
∫
Ω×Sd−1
1
2
u · ∇x(ψ2) dH dx = 0,
we have that
b(u)(ψ, ψ) ≥ min
{
1,
τ
De
,
τ
De
ε2
}
‖ψ‖2H1(Ω×Sd−1) . (3.26)
Furthermore, we infer from H1(Ω× Sd−1) →֒ L3(Ω× Sd−1) that
|b(u)(ψ, θ)| ≤
(
1 +
τ
De
+
τ
De
ε2 + C(d)τ ‖u‖L6(Ω)
)
‖ψ‖H1(Ω×Sd−1) ‖θ‖H1(Ω×Sd−1)
(3.27)
for all ψ, θ ∈ H1(Ω ×Sd−1). Moreover, we obtain from (3.12) that∣∣l(u, ψ)(θ)∣∣ ≤ C(1 + τL + τL ∥∥ψ∥∥
L1(Ω×Sd−1)
+ τL ‖∇xu‖L2(Ω)
)
‖θ‖H1(Ω×Sd−1) ,
(3.28)
where C = C(ψn−1L ,Cε, ξ, d, ε,De
−1) > 0. Consequently, on noting (3.26)-(3.28),
it follows that b(u)(·, ·) is a bounded, coercive bilinear form on H1(Ω × Sd−1)
× H1(Ω× Sd−1) and that l(u, ψ)(·) ∈ (H1(Ω× Sd−1))′. Hence, applying Lax-
Milgram’s theorem completes the proof of ii).
Proof of iii). On noting (3.23), (3.25), (3.26), and (3.28), it follows immediately
that (3.21) and (3.22) hold. 
As proving the existence of a fixed point of Ξ is equivalent to proving the existence
of a solution to (3.9), let us show the following lemma:
Lemma 3.6 (Existence of a fixed point). Suppose that the assumptions (3.3) hold.
Then, the operator Ξ : L2(Ω× Sd−1)→ L2(Ω× Sd−1) has a fixed point.
Proof. The idea to prove this lemma is applying Schaefer’s fixed point theorem
(cf. Evans [25]). Before doing so however we need to verify the following three
conditions:
i) Ξ : L2(Ω× Sd−1)→ L2(Ω× Sd−1) is continuous.
ii) Ξ : L2(Ω× Sd−1)→ L2(Ω× Sd−1) is compact.
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iii) The set{
ψ ∈ L2(Ω× Sd−1) : ψ = λΞ(ψ) for some 0 < λ ≤ 1}
is bounded in L2(Ω× Sd−1).
Proof of i). Let ψ, ψk ∈ L2(Ω× Sd−1), k ∈ N, such that
ψk → ψ in L2(Ω× Sd−1) as k →∞. (3.29a)
Our goal is to show that
Ξ[ψk]→ Ξ[ψ] in L2(Ω× Sd−1) as k →∞. (3.30)
First, we infer from Lemma 3.3 and the definition of Ξ that there exist unique u,uk
∈ H10,div(Ω), k ∈ N, such that
a(ψ)(u,w) = k(ψ)(w) ∀w ∈ H10,div(Ω), (3.31a)
a(ψk)(uk,w) = k(ψk)(w) ∀w ∈ H10,div(Ω), ∀k ∈ N, (3.31b)
b(u)(Ξ[ψ], θ) = l(u, ψ)(θ) ∀θ ∈ H1(Ω× Sd−1), (3.31c)
b(uk)(Ξ[ψk], θ) = l(uk, ψk)(θ) ∀θ ∈ H1(Ω× Sd−1), ∀k ∈ N. (3.31d)
Now, let us derive uniform bounds on {Ξ[ψk]}k∈N in H1(Ω× Sd−1) and on {uk}k∈N
in H10,div(Ω) to extract converging subsequences in appropriate spaces. Taking
θ := Ξ[ψk] ∈ H1(Ω× Sd−1) as a test function in (3.31d) and applying (3.22), we
have that
‖Ξ[ψk]‖H1(Ω×Sd−1) ≤ C
(
1 + ‖ψk‖L1(Ω×Sd−1) + ‖∇xuk‖L2(Ω)
)
, (3.32)
where C = C
(
ψn−1L ,Cε, ξ, d,L, τ, τ
−1,De,De−1, ε, ε−1
)
> 0. So far, we do not
control the right-hand side of (3.32). Consequently, it remains to derive uniform
bounds on {uk}k∈N in H10,div(Ω). Taking w := uk ∈ H10,div(Ω) as a test function
in (3.31b), we deduce from (3.21) that
De min {Re, τγ} ‖uk‖2H1(Ω)
≤ C
(
1 + ‖ψk‖L2(Ω×Sd−1) + ‖ψk‖2L2(Ω×Sd−1)
)
‖uk‖H1(Ω) ,
(3.33)
where C = C(Re,De,un−1L ,Cε, ξ, d, τ, γ,L, α, ψ
n−1
L ) > 0. Moreover, we obtain from
(3.29a) that there exists a constant C > 0 independent of k such that
‖ψk‖L2(Ω×Sd−1) ≤ C ∀k ∈ N. (3.34)
Therefore, we deduce from (3.33) and (3.34) that
‖uk‖H1(Ω) ≤ C, (3.35)
where C = C
(
Re,Re−1,De,De−1, γ, γ−1, τ, τ−1,un−1L ,Cε, ξ, d,L, α, ψ
n−1
L
)
> 0 is
independent of k. Hence, inserting (3.34) and (3.35) in (3.32) yields
‖Ξ[ψk]‖H1(Ω×Sd−1) ≤ C, (3.36)
where C = C
(
un−1L , ψ
n−1
L ,Re,Re
−1,De,De−1, τ, τ−1, γ, γ−1, ε, ε−1,Cε,L, α, ξ, d
)
>
0 is independent of k. Therefore, on noting (3.35), (3.36), the Lipschitz continuity
of QL0 , and the compact embeddings
H1(Ω× Sd−1) →֒→֒ L2(Ω× Sd−1) and H10,div(Ω) →֒→֒ L2(Ω),
we deduce that there exists a subsequence {uki ,Ξ[ψki ]}i∈N of {uk,Ξ[ψk]}k∈N and
functions uˆ ∈ H10,div(Ω) and ψˆ ∈ H1(Ω× Sd−1) such that
Ξ[ψki ]→ ψˆ strongly in L2(Ω× Sd−1), (3.37a)
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Ξ[ψki ] ⇀ ψˆ weakly in H
1(Ω× Sd−1), (3.37b)
QL0 (ψki)→ QL0 (ψ) strongly in L2(Ω× Sd−1), (3.37c)
uki → uˆ strongly in L2(Ω), (3.37d)
uki ⇀ uˆ weakly in H
1
0,div(Ω) (3.37e)
as i→∞. In particular, we infer from (3.12) and ψki → ψ strongly in L2(Ω× Sd−1)
that
V[ψki ]→ V[ψ] strongly in W1,∞(Ω× Sd−1) as i→∞. (3.38)
Moreover, we obtain from (3.31b) that
a(ψki)(uki ,w) = k(ψki)(w) ∀w ∈ H10,div(Ω), ∀i ∈ N. (3.39)
On noting (3.37b), (3.37c), (3.37d), (3.37e), and (3.38), we pass to the limit in
(3.39) as i→∞ to deduce that
a(ψ)(uˆ,w) = k(ψ)(w) ∀w ∈ H10,div(Ω). (3.40)
Furthermore, it follows from (3.31d) that
b(uki)(Ξ[ψki ], θ) = l(uki , ψki)(θ) ∀θ ∈ H1(Ω× Sd−1), ∀i ∈ N. (3.41)
On noting (3.37b), (3.37c), (3.37d), (3.37e), and (3.38), we pass to the limit in
(3.41) as i→∞ to deduce that
b(uˆ)(ψˆ, θ) = l(uˆ, ψ)(θ) ∀θ ∈ H1(Ω× Sd−1). (3.42)
Now, we infer from the uniqueness of solutions to (3.19) and (3.20) and from the
comparison of (3.31a) and (3.40) and of (3.31c) and (3.42) that
u = uˆ and Ξ[ψ] = ψˆ. (3.43)
Consequently, on noting (3.37a) and (3.43), we have that
Ξ[ψki ]→ ψˆ = Ξ[ψ] in L2(Ω× Sd−1) as i→∞. (3.44)
Therefore, we infer from the uniqueness of solutions to (3.19) and (3.20) that
we can find for any subsequence {Ξ[ψkj ]}j∈N of {Ξ[ψk]}k∈N another subsequence
{Ξ[ψkji ]}i∈N of {Ξ[ψkj ]}j∈N such that
Ξ[ψkji ]→ Ξ[ψ] in L2(Ω× Sd−1) as i→∞. (3.45)
Hence, we can return to the original series {Ξ[ψk]}k∈N in (3.45), which proves (3.30).
Proof of ii). It follows directly from (3.21), (3.22), and the compact embedding
H1(Ω× Sd−1) →֒→֒ L2(Ω× Sd−1) that ii) holds.
Proof of iii). Let λ ∈ (0, 1] and ψ ∈ L2(Ω× Sd−1) such that
ψ = λΞ(ψ). (3.46)
We infer from Lemma 3.3 and the definition of Ξ that there exists a unique u ∈
H10,div(Ω) such that
a(ψ)(u,w) = k(ψ)(w) ∀w ∈ H10,div(Ω), (3.47a)
b(u)(ψ, θ) = λl(u, ψ)(θ) ∀θ ∈ H1(Ω× Sd−1). (3.47b)
In particular, it holds that ψ ∈ H1(Ω× Sd−1). Moreover, on choosing θ := [ψ]− ∈
H1(Ω× Sd−1) as a test function in (3.47b), we obtain from [ψn−1L ]− = 0, [QL0 (ψ)]−
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= 0, u being divergence-free in Ω and having zero trace on ∂Ω that∫
Ω×Sd−1
[ψ]
2
− dH dx+
τ
De
∫
Ω×Sd−1
[
ε2
∣∣∇x [ψ]−∣∣2 + ∣∣∇g [ψ]−∣∣2] dH dx
= λ
∫
Ω×Sd−1
ψn−1L [ψ]− dH dx ≤ 0.
(3.48)
Hence, we have that ψ ≥ 0 a.e. in Ω× Sd−1, that is ψ ∈ Z2. Moreover, taking
θ ≡ 1 in (3.47b) yields∫
Ω×Sd−1
ψ dH dx = λ
∫
Ω×Sd−1
ψn−1L dH dx. (3.49)
Hence, we infer from (3.49), (3.12), and 0 < λ ≤ 1 that∥∥V[ψ + ψn−1L ]∥∥W1,∞(Ω×Sd−1) ≤ C(Cε, ξ, d)∥∥ψn−1L ∥∥L1(Ω×Sd−1) . (3.50)
The goal is to prove the existence of a constant C⋆ > 0, which is independent of λ
and ψ, such that
‖ψ‖L2(Ω×Sd−1) ≤ C⋆. (3.51)
One common ansatz to prove (3.51) would be taking w := u ∈ H10,div(Ω) in (3.47a)
and θ := ψ ∈ H1(Ω× Sd−1) in (3.47b) as test functions to derive the desired bound.
Then, combining (3.21) and (3.22) yields
‖ψ‖L2(Ω×Sd−1) ≤ C(τ,L) + C(τ,L) ‖ψ‖L2(Ω×Sd−1) + C(τ,L) ‖ψ‖2L2(Ω×Sd−1) . (3.52)
By choosing τ and L in a clever way, we could absorb the second term on the
right-hand side of (3.52) into the left-hand side. However, we could not control or
absorb the last term on the right-hand side of (3.52). This is the reason why we
change the ansatz to mimicking the entropy estimate in Section 2.4. If we assume
to control the L-regularized entropy of ψ analogously to the formal estimate (2.10),
we infer from (3.2g) that
1
4L
∫
Ω×Sd−1
|ψ|2 dH dx− C(L) ≤
∫
Ω×Sd−1
FL(ψ) dH dx ≤ C,
which then yields the desired bound (3.51). Hence, our goal is to control the L-
regularized entropy of ψ.
As ψ is nonnegative and there is no reason why ψ should be strictly positive, we
cannot apply
(FL)′ (·) to ψ to define our test function as µψ,L = (FL)′ (ψ) +V[ψ].
Hence, for 0 < δ ≪ 1 let us define the δ-regularized chemical potential by
µψ,δ,L,λ :=
(FL)′ (ψ + δ) + λ
2
V
[
ψ + ψn−1L
] ∈ H1(Ω× Sd−1). (3.53)
In particular, the following representation of the diffusive terms motivates the mul-
tiplication of the interaction potential in (3.53) by λ. First, we rewrite the diffusive
terms in (3.47b). It holds that, for all θ ∈ H1(Ω× Sd−1),∫
Ω×Sd−1
[
∇xψ · ∇xθ + λ
2
QL(ψ)∇xV[ψ + ψn−1L ] · ∇xθ
]
dH dx
=
∫
Ω×Sd−1
QL(ψ + δ)∇xµψ,δ,L,λ · ∇xθ dH dx
+
∫
Ω×Sd−1
λ
2
(
QL(ψ)−QL(ψ + δ))∇xV[ψ + ψn−1L ] · ∇xθ dH dx.
(3.54)
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Similarly, we can rewrite the analogue term with respect to the surface gradient.
Now, let us start deriving the entropy estimate. First, multiplying (3.47a) by λ,
taking w := u ∈ H10,div(Ω) as a test function in (3.47a), and noting the formula
a(a− b) = 1
2
(
a2 + (a− b)2 − b2) for all a, b ∈ R, (3.55)
it follows that
λReDe
2τ
∫
Ω
[
|u|2 +
∣∣u− un−1L ∣∣2 − ∣∣un−1L ∣∣2] dx+ λγDe ∫
Ω
|∇xu|2 dx
+
λ(1 − γ)De
2
∫
Ω×Sd−1
QL(ψ) (∇xu :m⊗m)2 dH (m) dx
= −λ(1 − γ)
2
∫
Ω×Sd−1
ψ∇xV[ψ + ψn−1L ] · u dH dx
− λ(1 − γ)
2
∫
Ω×Sd−1
QL(ψ) ((I−m⊗m)∇xum) · ∇gV[ψ + ψn−1L ] dH (m) dx
− λ(1 − γ)
∫
Ω×Sd−1
ψ(dm ⊗m− I) : ∇xu dH (m) dx
− λα(1 − γ)
∫
Ω×Sd−1
QL(ψ)m ⊗m : ∇xu dH (m) dx.
(3.56)
Next, noting (3.54), the convexity of FL, and taking θ := µψ,δ,L,λ ∈ H1(Ω× Sd−1)
as a test function in (3.47b), we have that
1
τ
∫
Ω×Sd−1
[FL(ψ + δ)−FL(λψn−1L + δ)] dH dx
+
λ
2τ
∫
Ω×Sd−1
(
ψ − λψn−1L
) (
V[ψ] + V[ψn−1L ]
)
dH dx
+
λε2
De
∫
Ω×Sd−1
QL(ψ + δ) |∇xµψ,δ,L,λ|2 dH dx
+
λ
De
∫
Ω×Sd−1
QL(ψ + δ) |∇gµψ,δ,L,λ|2 dH dx
≤ λ
2
∫
Ω×Sd−1
ψ∇xV[ψ + ψn−1L ] · u dH dx (3.57)
+ λ
∫
Ω×Sd−1
QL(ψ) ((I−m⊗m)∇xum) · ∇gµψ,δ,L,λ dH (m) dx
− λε
2
2De
∫
Ω×Sd−1
(
QL(ψ)−QL(ψ + δ))∇xV[ψ + ψn−1L ] · ∇xµψ,δ,L,λ dH dx
− λ
2De
∫
Ω×Sd−1
(
QL(ψ)−QL(ψ + δ))∇gV[ψ + ψn−1L ] · ∇gµψ,δ,L,λ dH dx.
Before we care about the error terms in (3.57), we exploit the natural structure of
(3.56) and (3.57) as good as possible to see which terms cancel out. We infer from
(2.3) that the second term on the right-hand side of (3.57) can be rewritten as
λ
∫
Ω×Sd−1
QL(ψ) ((I−m⊗m)∇xum) · ∇gµψ,δ,L,λ dH (m) dx
=
λ2
2
∫
Ω×Sd−1
QL(ψ) ((I−m⊗m)∇xum) · ∇gV[ψ + ψn−1L ] dH (m) dx
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+ λ
∫
Ω×Sd−1
QL(ψ) ((I−m⊗m)∇xum) ·
(
1
QL(ψ + δ)
∇gψ
)
dH (m) dx
=
λ2
2
∫
Ω×Sd−1
QL(ψ) ((I−m⊗m)∇xum) · ∇gV[ψ + ψn−1L ] dH (m) dx
+ λ
∫
Ω×Sd−1
ψ(dm ⊗m− I) : ∇xu dH (m) dx (3.58)
+ λ
∫
Ω×Sd−1
QL(ψ)−QL(ψ + δ)
QL(ψ + δ)
((I−m⊗m)∇xum) · ∇gψ dH (m) dx.
We note that the second term on the right-hand side of (3.58) cancels out with the
third term on the right-hand side of (3.56). Furthermore, we deduce from (2.1b),
0 < λ ≤ 1, and the nonnegativity of the Maier-Saupe interaction kernel (1.4) and
of ψ and ψn−1L a.e. in Ω× Sd−1 that
λ
2τ
∫
Ω×Sd−1
(
ψ − λψn−1L
) (
V[ψ] + V[ψn−1L ]
)
dH dx
=
λ
2τ
∫
Ω×Sd−1
[
ψV[ψ]− λψn−1L V[ψn−1L ]
]
dH dx
+
λ(1 − λ)
2τ
∫
Ω×Sd−1
ψV[ψn−1L ] dH dx
≥ λ
2τ
∫
Ω×Sd−1
[
ψV[ψ]− λψn−1L V[ψn−1L ]
]
dH dx.
(3.59)
Now, we obtain from multiplying (3.57) by (1− γ) and from combining (3.56) and
(3.57) - (3.59) that
λReDe
2τ
∫
Ω
[
|u|2 + ∣∣u− un−1L ∣∣2 − ∣∣un−1L ∣∣2] dx+ λγDe ∫
Ω
|∇xu|2 dx
+
λ(1 − γ)De
2
∫
Ω×Sd−1
QL(ψ) (∇xu :m⊗m)2 dH (m) dx
+
1− γ
τ
∫
Ω×Sd−1
[FL(ψ + δ)−FL(λψn−1L + δ)] dH dx
+
λ(1 − γ)
2τ
∫
Ω×Sd−1
[
ψV[ψ]− λψn−1L V[ψn−1L ]
]
dH dx
+
λ(1 − γ)ε2
De
∫
Ω×Sd−1
QL(ψ + δ) |∇xµψ,δ,L,λ|2 dH dx
+
λ(1 − γ)
De
∫
Ω×Sd−1
QL(ψ + δ) |∇gµψ,δ,L,λ|2 dH dx
≤ −λα(1 − γ)
∫
Ω×Sd−1
QL(ψ)m ⊗m : ∇xu dH (m) dx (3.60)
+
λ(λ− 1)(1− γ)
2
∫
Ω×Sd−1
QL(ψ) ((I−m⊗m)∇xum) ·
· ∇gV[ψ + ψn−1L ] dH (m) dx
+ λ(1 − γ)
∫
Ω×Sd−1
QL(ψ)−QL(ψ + δ)
QL(ψ + δ)
((I−m⊗m)∇xum) ·
· ∇gψ dH (m) dx
− λε
2(1− γ)
2De
∫
Ω×Sd−1
(
QL(ψ)−QL(ψ + δ))∇xV[ψ + ψn−1L ]·
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· ∇xµψ,δ,L,λ dH dx
− λ(1 − γ)
2De
∫
Ω×Sd−1
(
QL(ψ)−QL(ψ + δ))∇gV[ψ + ψn−1L ]·
· ∇gµψ,δ,L,λ dH dx
=: I + II + III + IV + V.
We note that the active term I appears in the same form as in the formal estimate
(2.8). Moreover, it is worth mentioning that in the case of the usual entropy
estimate, that is λ = 1, we would have that II = 0. The error terms III − V are
caused by the approximate scheme and the δ-regularized test function µψ,δ,L,λ.
Let us now continue estimating the terms I − V . We infer from 0 < λ ≤ 1, (3.2h),
(3.49), and Young’s inequality that
|I| ≤ λ(1 − γ)De
4
∫
Ω×Sd−1
QL(ψ) (∇xu : m⊗m)2 dH (m) dx
+
(1− γ)α2
De
∥∥ψn−1L ∥∥L1(Ω×Sd−1) . (3.61)
The first term on the right-hand side of (3.61) can be absorbed into the left-hand
side of (3.60). Furthermore, we deduce from |I−m⊗m| ≤ 2d, |λ(λ− 1)| ≤ λ,
(3.2h), (3.49), (3.50), Jensen’s inequality, and Young’s inequality that
|II| ≤ λ(1 − γ)2d
2
∫
Ω×Sd−1
∣∣QL(ψ)∣∣ |∇xu| ∣∣∇gV[ψ + ψn−1L ]∣∣ dH dx
≤ λγDe
2
∫
Ω
|∇xu|2 dx+ C1L
∥∥ψn−1L ∥∥3L1(Ω×Sd−1) , (3.62)
where C1 = C1(γ, γ
−1,De−1, d,Ω× Sd−1,Cε, ξ) > 0 is independent of δ, τ , λ, L,
and ψ. Again, we can absorb the first term on the right-hand side of (3.62) into the
left-hand side of (3.60). Moreover, on noting the Lipschitz continuity of QL, the
nonnegativity of ψ, (3.2h), (3.49), (3.50), 0 < λ ≤ 1, and on adopting a computation
of Chen and Liu (cf. [11, (3.32)]), we infer from Jensen’s inequality and Young’s
inequality that
|III| ≤ λ(1 − γ)2d
√
δ
∫
Ω×Sd−1
|∇xu| |∇gψ| 1√
QL(ψ + δ)
dH dx
≤ λ(1 − γ)
8De
∫
Ω×Sd−1
QL(ψ + δ)
∣∣∣∇g (FL)′ (ψ + δ)∣∣∣2 dH dx
+ C2(De, γ, d)δ
∫
Ω
|∇xu|2 dx
≤ λ(1 − γ)
4De
∫
Ω×Sd−1
QL(ψ + δ) |∇gµψ,δ,L,λ|2 dH dx (3.63)
+ C3
(
De−1, γ,Cε, ξ, d,Ω
) ∥∥ψn−1L ∥∥2L1(Ω×Sd−1) (∥∥ψn−1L ∥∥L1(Ω×Sd−1) + 1)
+ C2(De, γ, d)δ
∫
Ω
|∇xu|2 dx,
where C2 = C2(De, γ, d) > 0 and C3 = C3
(
De−1, γ,Cε, ξ, d,Ω
)
> 0 are independent
of δ, τ , λ, L, and ψ. We note that the first term on the right-hand side of (3.63) can
be absorbed into the left-hand side of (3.60). Moreover, the last term on the right-
hand side of (3.63) can be absorbed as well if we choose δ > 0 sufficiently small.
The exact range of δ will be specified later. Next, we infer from QL(s) ≤ QL(s+ δ)
for all s ≥ 0, the Lipschitz continuity of QL, (3.2h), (3.49), (3.50), 0 < λ ≤ 1,
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Jensen’s inequality, and Young’s inequality that
|IV | ≤ λε
2(1− γ)
2De
∫
Ω×Sd−1
QL(ψ + δ) |∇xµψ,δ,L,λ|2 dH dx (3.64)
+ C4
(
ε,De−1, γ,Ω,Cε, ξ, d
)
δ
∥∥ψn−1L ∥∥2L1(Ω×Sd−1)
and
|V | ≤ λ(1− γ)
4De
∫
Ω×Sd−1
QL(ψ + δ) |∇gµψ,δ,L,λ|2 dH dx (3.65)
+ C5
(
De−1, γ,Ω,Cε, ξ, d
)
δ
∥∥ψn−1L ∥∥2L1(Ω×Sd−1) ,
where C4 = C4
(
ε,De−1, γ,Ω,Cε, ξ, d
)
> 0 and C5 = C5
(
De−1, γ,Ω,Cε, ξ, d
)
> 0
are independent of δ, τ , λ, L, and ψ. Now, we obtain from combining (3.60) - (3.65)
that
λReDe
2τ
∫
Ω
[
|u|2 + ∣∣u− un−1L ∣∣2 − ∣∣un−1L ∣∣2] dx+ (λγDe2 − C2δ
)∫
Ω
|∇xu|2 dx
+
λ(1 − γ)De
4
∫
Ω×Sd−1
QL(ψ) (∇xu :m⊗m)2 dH (m) dx
+
1− γ
τ
∫
Ω×Sd−1
[FL(ψ + δ)−FL(λψn−1L + δ)] dH dx
+
λ(1 − γ)
2τ
∫
Ω×Sd−1
[
ψV[ψ]− λψn−1L V[ψn−1L ]
]
dH dx
+
λ(1 − γ)ε2
2De
∫
Ω×Sd−1
QL(ψ + δ) |∇xµψ,δ,L,λ|2 dH dx
+
λ(1 − γ)
2De
∫
Ω×Sd−1
QL(ψ + δ) |∇gµψ,δ,L,λ|2 dH dx
≤ (1 − γ)α
2
De
∥∥ψn−1L ∥∥L1(Ω×Sd−1) + C1L∥∥ψn−1L ∥∥3L1(Ω×Sd−1) (3.66)
+ C3
(∥∥ψn−1L ∥∥L1(Ω×Sd−1) + 1)∥∥ψn−1L ∥∥2L1(Ω×Sd−1)
+ (C4 + C5) δ
∥∥ψn−1L ∥∥2L1(Ω×Sd−1) .
Now, we deduce from (3.66), 0 < λ ≤ 1, (3.2g), the nonnegativity of ψ, omitting
some nonnegative terms, and the Dominated Convergence Theorem that
1
4L
∫
Ω×Sd−1
|ψ|2 dH dx ≤ C, (3.67)
where C = C
(
C1, C3, ξ, d,Ω,Re,De,De
−1, α, γ, τ,L,un−1L , ψ
n−1
L
)
> 0 is indepen-
dent of λ and ψ. Hence, it finally follows that (3.51) holds. The proof of Lemma
3.6 is thereby complete. 
Corollary 3.7. Suppose that the assumptions (3.3) hold. Then, there exist solu-
tions {(uk
L
, ψk
L
)}Nk=1 ⊂H10,div(Ω)×H1(Ω× Sd−1) to (3.9). In particular, it holds that
ψk
L
∈ Z2 for k ∈ {1, . . . , N}. Hence, {(ukL, ψkL)}Nk=1 ⊂ H10,div(Ω)× (H1(Ω× Sd−1)∩
Z2) is a solution to (PτL).
Proof. As a fixed point of Ξ is equivalent to a solution to (3.9), applying Lemma 3.6
iteratively yields the existence of solutions {(ukL, ψkL)}Nk=1 ⊂H10,div(Ω)×H1(Ω×Sd−1)
to (3.9). It therefore remains to show that {ψkL}Nk=1 ⊂ Z2. As ψ0L ∈ Z2 (see (3.6)),
let k ∈ {1, . . . , N} and ψk−1L ∈ Z2. Applying the same arguments as in (3.48) yields
ψkL ∈ Z2. 
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3.2. A uniform entropy estimate. This section is devoted to the derivation of
a uniform entropy estimate with respect to N and L, which mimics the formal
entropy estimate (2.10). First, we infer from taking ψ ≡ 1 as a test function in
(3.9b) that the mass of ψnL is conserved, that is∫
Ω×Sd−1
ψnL dH dx =
∫
Ω×Sd−1
ψn−1L dH dx =
∫
Ω×Sd−1
ψ0L dH dx (3.68)
for all n ∈ {1, . . . , N}. Moreover, for future references, we deduce from (3.12),
(3.68), and (3.7) that, for all k ∈ {1, . . . , N},∥∥∥VkL∥∥∥
W1,∞(Ω×Sd−1)
≤ C(Cε, ξ, d) ‖ψ0‖L1(Ω×Sd−1) <∞, (3.69)
where C = C(Cε, ξ, d) > 0 is independent of δ, τ , and L. The following lemma
holds:
Lemma 3.8 (Discrete-in-time entropy estimate). Suppose that the assumptions
(3.3) hold. Then, solutions {(uk
L
, ψk
L
)}Nk=1 ⊂ H10,div(Ω) × (H1(Ω× Sd−1) ∩ Z2) to
(3.9) satisfy
ReDe
2
∫
Ω
|un
L
|2 dx+ ReDe
2
n∑
k=1
∫
Ω
∣∣uk
L
− uk−1
L
∣∣2 dx+ γDe
2
n∑
k=1
τ
∫
Ω
∣∣∇xukL∣∣2 dx
+
(1− γ)De
4
n∑
k=1
τ
∫
Ω×Sd−1
QL(ψkL)
(∇xukL : m⊗m)2 dH (m) dx
+ (1− γ)
∫
Ω×Sd−1
F(ψn
L
) dH dx+
1− γ
2
∫
Ω×Sd−1
ψn
L
V[ψn
L
] dH dx
+
1− γ
2L
n∑
k=1
∫
Ω×Sd−1
∣∣ψk
L
− ψk−1
L
∣∣2 dH dx
+
1− γ
De
n∑
k=1
τ
∫
Ω×Sd−1
[
ε2|∇x
√
ψk
L
|2 + |∇g
√
ψk
L
|2
]
dH dx
≤ ReDe
2
∫
Ω
|u0|2 dx+ (1− γ)
∫
Ω×Sd−1
F(ψ0) dH dx (3.70)
+
1− γ
2
∫
Ω×Sd−1
ψ0V[ψ0] dH dx+
α2(1− γ)T
De
‖ψ0‖L1(Ω×Sd−1) + C∗
≤ C (Re,De,De−1, γ, α, T,Cε, ξ, d,Ω, ε,u0, ψ0) <∞ for all n ∈ {1, . . . , N},
where C∗ > 0 depends solely on T, ψ0,De
−1, γ,Cε, ξ, d,Ω, and ε.
Proof of Lemma 3.8. Let a regularization parameter 0 < δ ≪ 1 be given. Then, we
rewrite the diffusive terms in (3.9b) for all θ ∈ H1(Ω× Sd−1) analogously to (3.54)
as follows:
ε2
De
∫
Ω×Sd−1
(∇xψnL + QL(ψnL)∇xVnL) · ∇xθ dH dx
=
ε2
De
∫
Ω×Sd−1
QL(ψnL + δ)∇xµnψ,δ,L · ∇xθ dH dx
+
ε2
De
∫
Ω×Sd−1
(
QL(ψnL)−QL(ψnL + δ)
)∇xVnL · ∇xθ dH dx,
(3.71)
where we introduced the δ-regularized chemical potential
µnψ,δ,L :=
(FL)′ (ψnL + δ) + VnL ∈ H1(Ω× Sd−1).
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Moreover, we recall the following estimate, which has been derived by Barrett and
Su¨li by Taylor’s series expansion (cf. [5, p. 1238]):∫
Ω×Sd−1
ψnL − ψn−1L
τ
(FL)′ (ψnL + δ) dH dx
≥ 1
τ
∫
Ω×Sd−1
[FL(ψnL + δ)−FL(ψn−1L + δ)] dH dx
+
1
2τL
∫
Ω×Sd−1
∣∣ψnL − ψn−1L ∣∣ dH dx.
(3.72)
Now, on noting (3.71) and (3.72), we infer from taking w := unL ∈ H10,div(Ω) and
θ := µnψ,δ,L ∈ H1(Ω× Sd−1) as test functions in (3.9a) and (3.9b), respectively, and
from the analogue estimate (3.60) with λ = 1 that the following estimate holds:
ReDe
2τ
∫
Ω
[
|unL|2 +
∣∣unL − un−1L ∣∣2 − ∣∣un−1L ∣∣2] dx+ γDe∫
Ω
|∇xunL|2 dx
+
(1− γ)De
2
∫
Ω×Sd−1
QL(ψnL) (∇xunL :m⊗m)2 dH (m) dx
+
1− γ
τ
∫
Ω×Sd−1
[FL(ψnL + δ)−FL(ψn−1L + δ)] dH dx
+
1− γ
2τ
∫
Ω×Sd−1
[
ψnLV[ψ
n
L ]− ψn−1L V[ψn−1L ]
]
dH dx
+
1− γ
2τL
∫
Ω×Sd−1
∣∣ψnL − ψn−1L ∣∣2 dH dx
+
(1− γ)ε2
De
∫
Ω×Sd−1
QL(ψnL + δ)
∣∣∇xµnψ,δ,L∣∣2 dH dx
+
1− γ
De
∫
Ω×Sd−1
QL(ψnL + δ)
∣∣∇gµnψ,δ,L∣∣2 dH dx
≤ −α(1− γ)
∫
Ω×Sd−1
QL(ψnL)m⊗m : ∇xunL dH (m) dx (3.73)
+ (1− γ)
∫
Ω×Sd−1
QL(ψnL)−QL(ψnL + δ)
QL(ψnL + δ)
((I−m⊗m)∇xunLm) ·
· ∇gψnL dH (m) dx
− (1− γ)ε
2
De
∫
Ω×Sd−1
(
QL(ψnL)−QL(ψnL + δ)
)∇xVnL · ∇xµnψ,δ,L dH dx
− 1− γ
De
∫
Ω×Sd−1
(
QL(ψnL)−QL(ψnL + δ)
)∇gVnL · ∇gµnψ,δ,L dH dx
=: I + II + III + IV.
We infer from (3.2h), the nonnegativity of ψnL , and (3.68) that
|I| ≤ (1 − γ)De
4
∫
Ω×Sd−1
QL(ψnL) (∇xunL :m⊗m)2 dH (m) dx
+
α2(1− γ)
De
∫
Ω×Sd−1
ψ0L dH dx.
(3.74)
The first term on the right-hand side of (3.74) can be absorbed into the left-hand
side of (3.73). Next, similarly to (3.63), we deduce from the Lipschitz continuity
of QL, the nonnegativity of ψnL , (3.69), (3.2h), (3.68), 0 < δ < 1, and Young’s
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inequality that
|II| ≤ 1− γ
4De
∫
Ω×Sd−1
QL(ψnL + δ)
∣∣∇gµnψ,δ,L∣∣2 dH dx
+ C2
(
De−1, γ,Cε, ξ, d,Ω
) ∥∥ψ0L∥∥2L1(Ω×Sd−1) (1 + ∥∥ψ0L∥∥L1(Ω×Sd−1))
+ C1(De, γ, d)δ
∫
Ω
|∇xunL|2 dx,
(3.75)
where C1 = C1(De, γ, d) > 0 and C2 = C2
(
De−1, γ,Cε, ξ, d,Ω
)
> 0 are independent
of δ, τ , and L. Furthermore, on noting QL(s) ≤ QL(s+δ) for all s ≥ 0, the Lipschitz
continuity of QL, the nonnegativity of ψnL , (3.69), and Young’s inequality, we have
that
|III| ≤ ε
2(1− γ)
2De
∫
Ω×Sd−1
QL(ψnL + δ)
∣∣∇xµnψ,δ,L∣∣2 dH dx
+ C3
(
De−1, ε, γ,Ω,Cε, ξ, d
)
δ
∥∥ψ0L∥∥2L1(Ω×Sd−1) ,
(3.76)
where C3 = C3
(
De−1, ε, γ,Ω,Cε, ξ, d
)
> 0 is independent of δ, τ , and L. Analo-
gously to (3.76), it follows that
|IV | ≤ 1− γ
4De
∫
Ω×Sd−1
QL(ψnL + δ)
∣∣∇gµnψ,δ,L∣∣2 dH dx
+ C4
(
De−1, γ,Ω,Cε, ξ, d
)
δ
∥∥ψ0L∥∥2L1(Ω×Sd−1) , (3.77)
where C4 = C4
(
De−1, γ,Ω,Cε, ξ, d
)
> 0 is independent of δ, τ , and L. Now, on
combining (3.73)-(3.77), restricting the range of δ to
0 < δ <
γDe
2C1
,
and applying a discrete integration in time, we have that
ReDe
2
∫
Ω
|unL|2 dx+
ReDe
2
n∑
k=1
∫
Ω
∣∣ukL − uk−1L ∣∣2 dx+ γDe2
n∑
k=1
τ
∫
Ω
∣∣∇xukL∣∣2 dx
+
(1− γ)De
4
n∑
k=1
τ
∫
Ω×Sd−1
QL(ψkL)
(∇xukL :m⊗m)2 dH (m) dx
+ (1− γ)
∫
Ω×Sd−1
FL(ψnL + δ) dH dx+
1− γ
2
∫
Ω×Sd−1
ψnLV[ψ
n
L ] dH dx
+
1− γ
2L
n∑
k=1
∫
Ω×Sd−1
∣∣ψkL − ψk−1L ∣∣2 dH dx
+
(1− γ)ε2
2De
n∑
k=1
τ
∫
Ω×Sd−1
QL(ψkL + δ)
∣∣∇xµkψ,δ,L∣∣2 dH dx
+
1− γ
2De
n∑
k=1
τ
∫
Ω×Sd−1
QL(ψkL + δ)
∣∣∇gµkψ,δ,L∣∣2 dH dx
≤ ReDe
2
∫
Ω
∣∣u0L∣∣2 dx+ (1− γ)∫
Ω×Sd−1
FL(ψ0L + δ) dH dx (3.78)
+
1− γ
2
∫
Ω×Sd−1
ψ0LV[ψ
0
L] dH dx+
α2(1− γ)T
De
∥∥ψ0L∥∥L1(Ω×Sd−1)
+ C2T
∥∥ψ0L∥∥2L1(Ω×Sd−1) (1 + ∥∥ψ0L∥∥L1(Ω×Sd−1))
+ (C3 + C4)Tδ
∥∥ψ0L∥∥2L1(Ω×Sd−1) for all n ∈ {1, . . . , N}.
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Next, we infer from (3.69), (3.2d), (3.68), (3.7), and applying Lemma of Fatou (cf.
[11, p. 24], [5, p. 1244f]) that
(1− γ)ε2
2De
lim
δց0
∫
Ω×Sd−1
QL(ψkL + δ)
∣∣∇xµkψ,δ,L∣∣2 dH dx
≥ (1 − γ)ε
2
4De
lim
δց0
∫
Ω×Sd−1
∣∣∇xψkL∣∣2
ψkL + δ
dH dx− C(Cε, ξ, d,Ω, γ, ε,De−1, ψ0)
≥ (1 − γ)ε
2
De
∫
Ω×Sd−1
∣∣∣∣∇x√ψkL∣∣∣∣2 dH dx− C(Cε, ξ, d,Ω, γ, ε,De−1, ψ0).
(3.79)
We apply similar computations for the term QL(ψkL + δ)
∣∣∣∇gµkψ,δ,L∣∣∣2 (cf. [11, p.
24]). Finally, on noting (3.79), the regularities of the initial data (3.5), (3.7), (3.8),
and (3.2d), applying Lemma of Fatou and the Dominated Convergence Theorem in
(3.78) yields the entropy estimate (3.70) when passing to the limit as δ ց 0. 
3.3. Regularity of the polymer number density. The discrete-in-time entropy
estimate (3.70) is a good starting point to establish regularity results for unL and
ψnL . However, the bounds in (3.70) are too weak to extract strongly converging
subsequences. Unfortunately, testing (3.9b) with θ := ψnL is fraud with difficulties
to improve the regularity of ψnL . Instead, we shall establish bounds on the discrete-
in-time polymer number density
ωnL(x) :=
∫
Sd−1
ψnL(x,m) dH (m) for x ∈ Ω, n ∈ {0, . . . , N}. (3.80)
Lemma 3.9. Suppose that the assumptions (3.3) hold. Moreover, let the time
increment satisfy
0 < τ <
1
4C˜ ‖ψ0‖2L1(Ω×Sd−1)
,
where C˜ > 0 depends only on De−1, ε,Cε, ξ, and d. Then, the following estimate
holds for n ∈ {1, . . . , N}
1
4
∫
Ω
|ωnL|2 dx+
1
2
n∑
k=1
∫
Ω
∣∣ωkL − ωk−1L ∣∣2 dx+ ε22De
n∑
k=1
τ
∫
Ω
∣∣∇xωkL∣∣2 dx
≤
(
1 + C˜ ‖ψ0‖2L1(Ω×Sd−1) T exp
(
C˜ ‖ψ0‖2L1(Ω×Sd−1) T
))
‖ψ0‖2L2(Ω;L1(Sd−1))
<∞.
(3.81)
Proof. We deduce from choosing θ := ωnL ∈ H1(Ω) in (3.9b), (3.69), (3.2h), (3.68),
(3.80), ∫
Ω
ωnL∇xωnL · unL dx =
∫
Ω
1
2
∇x(ωnL)2 · unL dx = 0,
and Young’s inequality that
1
2τ
∫
Ω
[
|ωnL |2 +
∣∣ωnL − ωn−1L ∣∣2 − ∣∣ωn−1L ∣∣2] dx+ ε2De
∫
Ω
|∇xωnL |2 dx
= − ε
2
De
∫
Ω×Sd−1
QL(ψnL)∇xVnL · ∇xωnL dH dx
≤ ε
2
2De
∫
Ω
|∇xωnL |2 dx+ C
(
De−1, ε,Cε, ξ, d
) ‖ψ0‖2L1(Ω×Sd−1) ∫
Ω
|ωnL |2 dx.
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Thus, a discrete integration in time and (3.3b) yield
1
2
∫
Ω
|ωnL |2 dx+
1
2
n∑
k=1
∫
Ω
∣∣ωkL − ωk−1L ∣∣2 dx+ ε22De
n∑
k=1
τ
∫
Ω
∣∣∇xωkL∣∣2 dx
≤ 1
2
‖ψ0‖2L2(Ω;L1(Sd−1)) + C1
(
De−1, ε,Cε, ξ, d
) ‖ψ0‖2L1(Ω×Sd−1) n∑
k=1
τ
∫
Ω
∣∣ωkL∣∣2 dx
(3.82)
for n ∈ {1, . . . , N}, where C1 = C1
(
De−1, ε,Cε, ξ, d
)
> 0 is independent of τ and
L. We complete the proof by restricting the range of the time increment to
0 < τ <
1
4C1 ‖ψ0‖2L1(Ω×Sd−1)
,
and by applying a discrete version of Gronwall’s inequality (cf. [58, Lemma 4.3.2]).

3.4. Time regularity. In this section, we derive bounds on the discrete time
derivatives of unL and ψ
n
L in appropriate spaces to apply compactness results to
be able to extract strongly converging subsequences.
Lemma 3.10 (Time regularity of u). Suppose that the assumptions (3.3) hold and
that τ > 0 satisfies the condition of Lemma 3.9. Then, we have that
N∑
k=1
τ
∥∥∥∥∥ukL − uk−1Lτ
∥∥∥∥∥
2
(V2)′
≤ C, (3.83)
where C > 0 depends solely on Re,Re−1,De,De−1, γ, γ−1, α, T , Cε, ε, ξ, d,Ω,u0,
and ψ0.
Proof. Let w ∈ V2 →֒W1,∞(Ω). Then, we infer from (3.9a) and (3.2h) that, for
n ∈ {1, . . . , N},
ReDe
∣∣∣∣∫
Ω
unL − un−1L
τ
·w dx
∣∣∣∣
≤ ReDe
∫
Ω
∣∣un−1L ∣∣ |∇xunL| |w| dx+ γDe ‖∇xunL‖L2(Ω) ‖∇xw‖L2(Ω)
+
(1− γ)De
2
∫
Ω×Sd−1
QL(ψnL) |∇xunL :m ⊗m| |∇xw : m⊗m| dH (m) dx
+ (1− γ)
∫
Ω×Sd−1
|ψnL | |∇xVnL| |w| dH dx
+ (1− γ)C(d)
∫
Ω×Sd−1
|ψnL | |∇gVnL| |∇xw| dH dx (3.84)
+ (1− γ) (C(d) + α)
∫
Ω×Sd−1
|ψnL | |∇xw| dH dx
=: I + II + III + IV + V + V I.
First, on noting (3.68), (3.2h), (3.7), and (3.81), applying Ho¨lder’s inequality yields
III ≤ C(γ,De, d)
(∫
Ω×Sd−1
QL(ψnL) (∇xunL :m⊗m)2 dH (m) dx
) 1
2
·
· ‖∇xw‖L4(Ω) ‖ωnL‖
1
2
L2(Ω)
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≤ C
(∫
Ω×Sd−1
QL(ψnL) (∇xunL :m⊗m)2 dH (m) dx
) 1
2
‖w‖
V2
, (3.85)
where C = C(γ,De, d,De−1, ε,Cε, ξ, ψ0) > 0. Furthermore, we deduce from (3.69),
(3.80), and (3.81) that
IV + V ≤ C (γ, d,Cε, ξ) ‖ψ0‖L1(Ω×Sd−1)( max
k∈{1,...,N}
∥∥ωkL∥∥L2(Ω)) ‖w‖V2
≤ C (γ, d,Cε, ξ,De−1, ε, T, ψ0) ‖w‖V2 . (3.86)
The other terms in (3.84) are handled easily such that combining (3.84) - (3.86)
yields∣∣∣∣∫
Ω
unL − un−1L
τ
·w dx
∣∣∣∣
≤ C
(
1 + ‖∇xunL‖L2(Ω)
+
(∫
Ω×Sd−1
QL(ψnL) (∇xunL :m⊗m)2 dH (m) dx
) 1
2
)
‖w‖
V2
,
(3.87)
where C = C
(
Re,Re−1,De,De−1, γ, α, T,Cε, ε, ξ, d,Ω,u0, ψ0
)
> 0. Hence, on not-
ing (3.70), multiplying (3.87) by τ and summing up from n = 1→ N , we complete
the proof. 
Lemma 3.11 (Time regularity of ψ). Suppose that the assumptions (3.3) hold and
that τ > 0 satisfies the condition of Lemma 3.9. Then, we have that
N∑
k=1
τ
∥∥∥∥∥ψkL − ψk−1Lτ
∥∥∥∥∥
2
(H4(Ω×Sd−1))′
≤ C, (3.88)
where C > 0 depends solely on Ω,Re,Re−1,De,De−1, γ, γ−1, α, T,Cε, ε, ε
−1, ξ, d,u0,
and ψ0.
Proof. Let n ∈ {1, . . . , N} and θ ∈ H4(Ω× Sd−1) →֒ W1,∞(Ω× Sd−1). Then, we
infer from (3.9b) that∣∣∣∣∫
Ω×Sd−1
ψnL − ψn−1L
τ
θ dH dx
∣∣∣∣
≤
∫
Ω×Sd−1
|ψnL | |unL| |∇xθ| dH dx
+
ε2
De
∫
Ω×Sd−1
|∇xψnL | |∇xθ| dH dx+
1
De
∫
Ω×Sd−1
|∇gψnL | |∇gθ| dH dx
+
ε2
De
∫
Ω×Sd−1
QL(ψnL) |∇xVnL| |∇xθ| dH dx
+
1
De
∫
Ω×Sd−1
QL(ψnL) |∇gVnL| |∇gθ| dH dx
+ C(d)
∫
Ω×Sd−1
QL(ψnL) |∇xunL| |∇gθ| dH dx
=: I + II + III + IV + V + V I. (3.89)
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First, we obtain from (3.2h), (3.68), (3.7), and (3.69) that
IV + V ≤ C(ε,De−1)
(
‖∇xVnL‖L∞(Ω×Sd−1)
+ ‖∇gVnL‖L∞(Ω×Sd−1)
)
‖ψnL‖L1(Ω×Sd−1) ‖θ‖W1,∞(Ω×Sd−1)
≤ C(ε,De−1,Ω, d) ‖ψ0‖2L1(Ω×Sd−1) ‖θ‖H4(Ω×Sd−1) .
(3.90)
The estimates of the other terms in (3.89) can be found in [10, p.25]. Thus, we
conclude that∣∣∣∣∫
Ω×Sd−1
ψnL − ψn−1L
τ
θ dH dx
∣∣∣∣
≤ C
(
1 +
∥∥∥∇x√ψnL∥∥∥
L2(Ω×Sd−1)
+
∥∥∥∇g√ψnL∥∥∥
L2(Ω×Sd−1)
+ ‖∇xunL‖L2(Ω)
)
‖θ‖H4(Ω×Sd−1) ,
(3.91)
where C = C
(
Ω,Re,Re−1,De,De−1, γ, α, T,Cε, ε, ξ, d,u0, ψ0
)
> 0. Now, to com-
plete the proof, we multiply (3.91) by τ , sum up from n = 1 → N , and apply
(3.70). 
4. Passage to the limit: Existence of weak solutions
In this section, our goal is to pass to the limit in (3.9) as Lր∞ and τ ց 0. Before
doing so however we reformulate (3.9) continuously in time. For this task, let us
define the following continuous-in-time functions:
u
τ,+
L (·, t) := unL(·), uτ,−L (·, t) := un−1L (·), t ∈ (tn−1, tn], n ∈ {1, . . . , N},
u
τ,−
L (·, 0) := u0L(·) ∈ H10,div(Ω).
(4.1)
Moreover, we define similarly to Chen and Liu (cf. [11, p. 26]) the difference
quotient with respect to time by
∂τt u
τ,+
L (·, t) :=
unL(·)− un−1L (·)
τ
, t ∈ (tn−1, tn], n ∈ {1, . . . , N}. (4.2)
We introduce the same notation for ψτ,±L and ∂
τ
t ψ
τ,+
L with ψ
τ,−
L (·, ·˜, 0) = ψ0L(·, ·˜).
From now on, let
τ ∈ o(L−1) satisfy the condition in Lemma 3.9. (4.3)
On noting the time continuous notation (4.1), we can rewrite the weak formulation
(3.9) after a discrete integration with respect to time as follows:
Find uτ,±L (·, t) ∈ H10,div(Ω), t ∈ (0, T ], such that
ReDe
∫ T
0
∫
Ω
∂τt u
τ,+
L ·w dxdt + ReDe
∫ T
0
∫
Ω
(
(uτ,−L · ∇x)uτ,+L
) ·w dxdt
+ γDe
∫ T
0
∫
Ω
∇xuτ,+L : ∇xw dxdt
+
(1− γ)De
2
∫ T
0
∫
Ω×Sd−1
QL(ψτ,+L )
(∇xuτ,+L :m⊗m) ·
· (∇xw :m⊗m) dH (m) dxdt
= − (1− γ)
2
∫ T
0
∫
Ω×Sd−1
ψ
τ,+
L ∇xV[ψτ,+L + ψτ,−L ] ·w dH dxdt (4.4)
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− 1− γ
2
∫ T
0
∫
Ω×Sd−1
QL(ψτ,+L ) ((I−m⊗m)∇xwm) ·
· ∇gV[ψτ,+L + ψτ,−L ] dH (m) dxdt
− (1− γ)
∫ T
0
∫
Ω×Sd−1
ψ
τ,+
L (dm ⊗m− I) : ∇xw dH (m) dxdt
− α(1− γ)
∫ T
0
∫
Ω×Sd−1
QL(ψτ,+L ) (m⊗m : ∇xw) dH (m) dxdt
for all w ∈ L1(0, T ;H10,div(Ω)). Moreover, find ψτ,±L (·, ·˜, t) ∈ H1(Ω× Sd−1) ∩ Z2,
t ∈ (0, T ], such that∫ T
0
∫
Ω×Sd−1
∂τt ψ
τ,+
L θ dH dxdt−
∫ T
0
∫
Ω×Sd−1
ψ
τ,+
L u
τ,+
L · ∇xθ dH dxdt
+
1
De
∫ T
0
∫
Ω×Sd−1
[
ε2∇xψτ,+L · ∇xθ +∇gψτ,+L · ∇gθ
]
dH dxdt
+
ε2
2De
∫ T
0
∫
Ω×Sd−1
QL(ψτ,+L )∇xV[ψτ,+L + ψτ,−L ] · ∇xθ dH dxdt (4.5)
+
1
2De
∫ T
0
∫
Ω×Sd−1
QL(ψτ,+L )∇gV[ψτ,+L + ψτ,−L ] · ∇gθ dH dxdt
−
∫ T
0
∫
Ω×Sd−1
QL(ψτ,+L )
(
(I−m⊗m)∇xuτ,+L m
) · ∇gθ dH (m) dxdt = 0
for all θ ∈ L1(0, T ; H1(Ω× Sd−1)). We note that the problem (4.4)-(4.5) is equiva-
lent to (3.9a)-(3.9b), to which existence of solutions has been proved (cf. Lemma
3.6). Furthermore, let us define for future purposes
ω
τ,±
L (x, t) :=
∫
Sd−1
ψ
τ,±
L (x,m, t) dH (m) ∈ R≥0, (4.6a)
D
τ,±
L (x, t) :=
∫
Sd−1
ψ
τ,±
L (x,m, t)m⊗m dH (m) ∈ Rd×d (4.6b)
for a.e. (x, t) ∈ Ω×(0, T ]. Thus, we can rewrite the interaction potential as follows:
V[ψτ,±L ](x,m, t) = ξJε
(
ω
τ,±
L (·, t)
)
(x) − ξJε
(
D
τ,±
L (·, t)
)
(x) :m⊗m (4.7)
for (x,m, t) ∈ Ω× Sd−1×(0, T ]. Moreover, we obtain from (3.5), τ ∈ o(L−1), (4.1),
(3.70), and (3.81) that
ess sup
t∈[0,T ]
∫
Ω
∣∣uτ,±L (x, t)∣∣2 dx+ 1τ
∫ T
0
∫
Ω
∣∣uτ,+L − uτ,−L ∣∣2 dxdt
+
∫ T
0
∫
Ω
∣∣∇xuτ,±L ∣∣2 dxdt
+ ess sup
t∈[0,T ]
∫
Ω×Sd−1
F(ψτ,+L (x,m, t)) dH (m) dx
+
1
τL
∫ T
0
∫
Ω×Sd−1
∣∣ψτ,+L − ψτ,−L ∣∣2 dH dxdt (4.8)
+
∫ T
0
∫
Ω×Sd−1
[
|∇x
√
ψ
τ,+
L |2 + |∇g
√
ψ
τ,+
L |2
]
dH dxdt
+ ess sup
t∈[0,T ]
∫
Ω
∣∣ωτ,+L (x, t)∣∣2 dx+ ∫ T
0
∫
Ω
∣∣∇xωτ,+L ∣∣2 dxdt
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+
1
τ
∫ T
0
∫
Ω
∣∣ωτ,+L − ωτ,−L ∣∣2 dxdt
≤ C⋆ <∞,
where C⋆ = C⋆
(
Re,Re−1,De,De−1, γ, γ−1, α, T,Cε, ε, ε
−1, ξ, d,Ω,u0, ψ0
)
> 0 is
independent of τ and L.
Theorem 4.1 (Main Theorem: Existence of weak solutions). Suppose that the
assumptions (3.3) and the condition (4.3), which relates τ to L, hold. Then, there
exists a subsequence of {(uτ,±
L
, ψ
τ,±
L
)}L>1 (not relabelled) and a tuple of functions
(u, ψ) such that
u ∈ L∞(0, T ;L2(Ω)) ∩ L2(0, T ;H10,div(Ω)), (4.9a)
∂tu ∈ L2
(
0, T ; (V2)′
)
, (4.9b)
and
ψ ∈ L∞(0, T ; L2(Ω; L1(Sd−1))),
√
ψ ∈ L2(0, T ; H1(Ω× Sd−1)), (4.10a)
∂tψ ∈ L2(0, T ; (H4(Ω× Sd−1))′), (4.10b)
with ψ ≥ 0 a.e. in Ω× Sd−1 × [0, T ] and
F(ψ) ∈ L∞(0, T ; L1(Ω× Sd−1)). (4.11)
Moreover, it holds that, as Lր∞ (and thereby τ ց 0),
u
τ,±
L
∗
⇀ u weak∗ in L∞(0, T ;L2(Ω)) (4.12a)
u
τ,±
L
⇀ u weakly in L2(0, T ;H10,div(Ω)), (4.12b)
u
τ,±
L
→ u strongly in L2(0, T ;Lr(Ω)), (4.12c)
∂τt u
τ,+
L
⇀ ∂tu weakly in L
2(0, T ; (V2)′), (4.12d)
where r ∈ [1,∞) if d = 2 and r ∈ [1, 6) if d = 3, and
∇x
√
ψ
τ,+
L
⇀ ∇x
√
ψ weakly in L2(0, T ;L2(Ω× Sd−1)), (4.13a)
∇g
√
ψ
τ,+
L
⇀ ∇g
√
ψ weakly in L2(0, T ;L2(Ω× Sd−1)), (4.13b)√
ψ
τ,+
L
→
√
ψ strongly in L4(0, T ; L4(Ω; L2(Sd−1))), (4.13c)
ψ
τ,±
L
→ ψ strongly in L2(0, T ; L2(Ω; L1(Sd−1))), (4.13d)
QL(ψτ,+
L
)→ ψ strongly in L2(0, T ; L2(Ω; L1(Sd−1))), (4.13e)
∂τt ψ
τ,+
L
⇀ ∂tψ weakly in L
2(0, T ; (H4(Ω× Sd−1))′). (4.13f)
Furthermore, we introduce
ω(x, t) :=
∫
Sd−1
ψ(x,m, t) dH (m) ∈ R≥0 and (4.14a)
D(x, t) :=
∫
Sd−1
ψ(x,m, t)m ⊗m dH (m) ∈ Rd×d (4.14b)
for a.e. (x, t) ∈ Ω× (0, T ]. It holds that
ω ∈ L∞(0, T ; L2(Ω)) ∩ L2(0, T ; H1(Ω)), (4.15a)
D ∈ L∞(0, T ;L2(Ω)), (4.15b)
and that
ω
τ,±
L
→ ω strongly in L2(0, T ; L2(Ω)), (4.16a)
D
τ,±
L
→ D strongly in L2(0, T ;L2(Ω)), (4.16b)
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V[ψτ,±
L
]→ V[ψ] strongly in L2(0, T ;W1,∞(Ω× Sd−1)). (4.16c)
Moreover, the tuple (u, ψ) is a global weak solution of (P), in the sense that
− ReDe
∫ T
0
∫
Ω
u · ∂tw dx dt + ReDe
∫ T
0
∫
Ω
((u · ∇x)u) ·w dx dt
+ γDe
∫ T
0
∫
Ω
∇xu : ∇xw dx dt
+
(1− γ)De
2
∫ T
0
∫
Ω×Sd−1
ψ(∇xu :m⊗m)(∇xw :m⊗m) dH (m) dx dt
= ReDe
∫
Ω
u0(x) ·w(x, 0) dx− (1− γ)
∫ T
0
∫
Ω×Sd−1
ψ∇xV[ψ] ·w dH dx dt
− (1− γ)
∫ T
0
∫
Ω×Sd−1
ψ ((I−m⊗m)∇xwm) · ∇gV[ψ] dH (m) dx dt
− (1− γ)
∫ T
0
∫
Ω×Sd−1
ψ(dm⊗m− I) : ∇xw dH (m) dx dt
− α(1 − γ)
∫ T
0
∫
Ω×Sd−1
ψ(m ⊗m : ∇xw) dH (m) dx dt
∀w ∈W1,1(0, T ;V2) such that w(·, T ) = 0,
(4.17)
and
−
∫ T
0
∫
Ω×Sd−1
ψ∂tθ dH dx dt −
∫ T
0
∫
Ω×Sd−1
ψu · ∇xθ dH dx dt
+
1
De
∫ T
0
∫
Ω×Sd−1
[
ε2∇xψ · ∇xθ +∇gψ · ∇gθ
]
dH dx dt
+
1
De
∫ T
0
∫
Ω×Sd−1
ψ
[
ε2∇xV[ψ] · ∇xθ +∇gV[ψ] · ∇gθ
]
dH dx dt
−
∫ T
0
∫
Ω×Sd−1
ψ ((I−m⊗m)∇xum) · ∇gθ dH (m) dx dt
=
∫
Ω×Sd−1
ψ0(x,m)θ(x,m, 0) dH (m) dx (4.18)
∀θ ∈W1,1(0, T ; H4(Ω× Sd−1)) such that θ(·, ·˜, T ) = 0.
In particular, the following energy inequality is satisfied for a.e. s ∈ [0, T ]:
ReDe
2
∫
Ω
|u(x, s)|2 dx+ γDe
2
∫ s
0
|∇xu|2 dx dt
+ (1 − γ)
∫
Ω×Sd−1
F(ψ(x,m, s)) dH (m) dx
+
1− γ
2
∫
Ω×Sd−1
ψ(x,m, s)V[ψ(x,m, s)] dH (m) dx
+
1− γ
De
∫ s
0
∫
Ω×Sd−1
[
ε2
∣∣∣∇x√ψ∣∣∣2 + ∣∣∣∇g√ψ∣∣∣2] dH dx dt
≤ ReDe
2
∫
Ω
|u0|2 dx+ (1− γ)
∫
Ω×Sd−1
F(ψ0) dH dx (4.19)
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+
1− γ
2
∫
Ω×Sd−1
ψ0V[ψ0] dH dx+ C⋆⋆,
where C⋆⋆ > 0 depends solely on ψ0, α,Re,De,De
−1, γ,Cε, ξ,Ω, d, and T .
Proof. For ease of notation, we note that all generic constants 0 < C < ∞ are
independent of L and τ in this proof.
Convergence properties of u. First, we prove the convergence properties of the
velocity field. We infer from the first bound in (4.8) that there exist subsequences
{uτ,±L }L>1 (not relabelled) and functions u± ∈ L∞(0, T ;L2(Ω)) such that
u
τ,±
L
∗
⇀ u± weak∗ in L∞(0, T ;L2(Ω)). (4.20)
Moreover, on noting (4.20) and τ ∈ o(L−1), the second bound in (4.8) yields∫ T
0
∫
Ω
(
u+ − u−) ·w dxdt← ∫ T
0
∫
Ω
(
u
τ,+
L − uτ,−L
) ·w dxdt→ 0
for all w ∈ L2(0, T ;L2(Ω)) ⊂ L1(0, T ;L2(Ω)). Hence, we have that u+ = u− and
we denote this limit by u := u+ = u− ∈ L∞(0, T ;L2(Ω)), which yields (4.12a).
Furthermore, we obtain from the uniqueness of limits of sequences in the weak
topology of L2(0, T ;H10,div(Ω)), the third bound in (4.8), and a further extraction
of a subsequence that u ∈ L2(0, T ;H10,div(Ω)) and that (4.9a) and (4.12b) hold. On
noting (3.83), we have that∫ T−τ
0
∥∥uτ,+L (·, t+ τ) − uτ,+L (·, t)∥∥2(V2)′ dt = N−1∑
k=1
τ
∥∥ukL − uk−1L ∥∥2(V2)′ ≤ Cτ. (4.21)
On noting (4.21),
∥∥uτ,+L ∥∥L2(0,T ;H10,div(Ω)) ≤ C, the compact embedding
H10,div(Ω) →֒→֒ Lr(Ω) ∩ L2div(Ω)
with r ∈ [2,∞) if d = 2 and r ∈ [2, 6) if d = 3, and the continuous embedding
Lr(Ω) ∩ L2div(Ω) →֒ (V2)′, (4.22)
it follows by Theorem 1 of Dreher and Ju¨ngel [19] (for a further subsequence)
that uτ,+L → u strongly in L2(0, T ;Lr(Ω)). As {uτ,+L }L>1 is uniformly bounded in
L2(0, T ; H10,div(Ω)), we deduce from the second bound in (4.8) and the continuous
embedding (4.22) that uτ,−L → u strongly in L2(0, T ;Lr(Ω)), which yields (4.12c).
The convergence result (4.12d) with respect to the time derivative follows similarly
to [11, p. 29ff].
Convergence properties of ψ. We obtain from (3.88) that∫ T−τ
0
∥∥ψτ,+L (·, ·˜, t+ τ)− ψτ,+L (·, ·˜, t)∥∥2(H4(Ω×Sd−1))′ dt
=
N−1∑
k=1
∥∥ψkL − ψk−1L ∥∥2(H4(Ω×Sd−1))′ ≤ Cτ.
(4.23)
Now, on noting (4.23), (4.8), and the embeddings
W1,1(Ω× Sd−1) →֒→֒ Ls(Ω× Sd−1) →֒ (H4(Ω× Sd−1))′ ∀1 < s < 2d− 1
2d− 2 ,
following the lines pp. 27-30 in [11] yields (4.13a) - (4.13f) with respect to {ψτ,+L }L>1.
Furthermore, we deduce from the fifth bound in (4.8) and τ ∈ o(L−1) that (4.13d)
holds for {ψτ,−L }L>1 as well. The nonnegativity of ψ follows from the nonnegativ-
ity of ψτ,+L . Moreover, on noting (4.6a), the seventh bound in (4.8), and (4.13d),
we have that ψ ∈ L∞(0, T ; L2(Ω; L1(Sd−1))). This completes the proof of (4.10a).
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Moreover, on noting (4.13d), it follows that (4.11) holds by subtracting one more
subsequence.
Convergence properties of ω, D, and V[ψ]. On noting (4.8), (4.6a), (4.14a), (4.6b),
(4.14b), (4.7), (2.1c), we infer from (4.13d) that (4.15a) - (4.16c) hold.
Existence of weak solutions. By applying the established convergence results in
Theorem 4.1, it follows immediately that u and ψ satisfy the weak formulations
(4.17) and (4.18).
Energy inequality. On noting the convergence properties (4.12a), (4.12b), (4.12c),
(4.13a), (4.13b), and (4.13d), we infer from the (weak) lower-semicontinuity of the
terms on the left-hand side of (3.70) that the energy inequality (4.19) holds by
subtracting one more subsequence. 
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